ADIABATIC LIMITS OF SEIFERT FIBRATIONS, 
DEDEKIND SUMS, AND THE DIFFEOMORPHISM TYPE 
OF CERTAIN 7-MANIFOLDS 

SEBASTIAN GOETTE 

Abstract. We extend the adiabatic limit formula for ?7-invariants by 
Bismut-Cheeger and Dai to Seifert fibrations. Our formula contains a new 
contribution from the singular fibres that takes the form of a generalised 
Dedekind sum. 

As an application, we compute the Eells-Kuiper and i-invariants of cer- 
tain cohomogeneity one manifolds that were studied by Dearricott, Grove, 
Verdiani, Wilking, and Ziller. In particular, we determine the diffeomor- 
phism type of a new manifold of positive sectional curvature. 

Manifolds of positive sectional curvature are a rare phenomenon, and the 
differential topological conditions for the existence of positive sectional curva- 
ture metrics are not yet fully understood. For this reason, one is still inter- 
ested in finding new examples of positive sectional curvature metrics. Most 
known examples are quotients or biquotients of compact Lie groups. Coho- 
mogeneity one manifolds constitute another potential source of examples. By 
work of Grove, Wilking and Ziller there are only two families (Pk), (Qk) 
of seven-dimensional cohomogeneity one manifolds, which possibly allow met- 
rics of positive sectional curvature and contain new examples. The space R 
mentioned there does not admit a positive sectional curvature metric by [29]. 
Grove, Verdiani and Ziller have succeeded in [18j to construct a positive sec- 
tional curvature metric on P2, the first nontrivial member of the family (Pk)- 
This manifold is homeomorphic to the unit tangent bundle T^S"^ of the four- 
dimensional sphere. In this paper, we will specify among other things an exotic 
sphere S such that P2 is diffeomorphic to the connected sum of T^S'^ and S. 

The manifolds Pk are highly connected with a finite cyclic cohomology 
group H^{Pk) = vr3(Pfc) = 'L/k'L. By Crowley's work [7j, it suffices to compute 
the Eells-Kuiper invariant fi{Pk) and a certain quadratic form q on H^{Pk) 
to determine their diffeomorphism types. These two invariants are classically 
defined on oriented spin manifolds bounding i-^, but it is not clear how to 
construct such a manifold N directly. On the other hands, by results of Don- 
nelly [12] , Kreck and Stolz [25] and Crowley and the author [9] , both invariants 
can equivalently be expressed as linear combinations of ?7-invariants of certain 
Dirac operators and Cheeger-Chern-Simons correction terms on Pk itself. Hav- 
ing computed these invariants, one can write the spaces Pk as connected sums of 
exotic spheres and S'^-bundles over 5^ using the computations for these bundles 
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in [8]. In order to determine the necessary ry- invariants, we write the spaces 
as Seifert fibrations as indicated in [19j . That is, the spaces Pk are fibered by 
compact manifolds over some base orbifold B. 

The process of blowing up the base space of a fibration M — t- i? by a factor 
is called the adiabatic limit. It has been shown by Bismut, Cheeger [3] and 
Dai |10] that the T/-invariants of a family of compatible Dirac operators DM,e 
converge in the adiabatic limit e — t- 0, if the kernels of the associated vertical 
Dirac operators Dx form a vector bundle H ^ B. This result can be generalised 
to Seifert fibrations M ^ B. Thus, we consider adiabatic families of Dirac 
operators {DM,e)e as in Definition 11.61 In particular, we assume that H = 
ker{Dx) is a vector orbibundle on B. Let AB be the inertia orbifold of B and 
let Aab{TB,V'^^) e n'{AB;AB (g) o{AB)) denote the orbifold i-form as in 
Kawasaki's index theorem [23j, see section fl.bl Let A denote Bismut's Levi- 
Civita superconnection associated with DM,e- In Definition 11.71 we construct 
orbifold r/- forms r/AB(A) G ^1*{AB; AB) as in [3j and ^15]. In Definition 11.81 
we define the effective horizontal operator D'^ of the family DM,e-, which acts 
on sections oi H ^ B. Let {\u{£))v denote the finite family of very small 
eigenvalues of Dm,si see section [Lcl In [28], Rochon proved a special case of 
the following theorem where -B is a very good orbifold and the fibrewise operator 
is invertible. 

0.1. Theorem (cf. [3], [10], [28]). Let p: M ^ B be a Seifert fibration 
and {DM,e)e O'IT' adiabatic family of Dirac operators over AI as in Definition \l.(k 
For eo > sufficiently small, we have 

\iuir,{DM,e) = I Aab{TB,V^'') 27?ab(A) + 7?(L»f ) + Vsign(A,(eo)) • 
^-^0 Jab V 

With this result, one can compute the Eells-Kuiper invariant and the qua- 
dratic form q and hence determine the diffeomorphism type of each space P^. 

0.2. Theorem. The Eells-Kuiper invariant of P^ is given by 

The quadratic form q on H^{Pk) = Z/kZ is given by 

m = ^-^^ G Q/Z. (2) 

By comparing these values with the corresponding values for S^-bundles 
over in [8] and |9], one can construct manifolds that are diffeomorphic to Pk- 

0.3. Theorem. Let Ek^k ~^ denote the principal -bundle with Euler 
class k G H^{S^) = TL, and let S7 denote the exotic seven sphere with /u(S7) = 
Then there exists an orientation preserving diffeomorphism 

Pk — Ek,k # . 



In particular, Pk and Ek k are homeomorphic. 
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More generally, let Ep^^ denote the unit sphere bundle of a fourdimensional 
real spin vector bundle over with Euler class n and half Pontrijagin class p G 

0.4. Corollary. For the space Pk, there exists an S"^ -bundle Eak,k that is 

(1) oriented diffeomorphic if and only if k is odd or8\k, with 

7fr — 4^3 

a^k = mod 224Z ; 

3 

(2) orientation reversing diffeomorphic if and only if 

(a) k is not divisible by 7, 

(b) k = 1, mod 4 or k = 2, 10 mod 32, and 

(c) —1 is a quadratic remainder mod k, 
with 

a^k = 2- mod 224Z . 

3 

Some of the Pk are discussed in greater detail in Example 13.121 
The article is organised as follows. In section [H we introduce Seifert fi- 
brations and define all the ingredients of Theorem 10.11 Its proof is given in 
section [2l In section [3l we introduce the family (P^) as a subfamily of the 
larger family (M(p_ (p_|_ g^)) that was also considered in [19j. The quadratic 
forms gAf(p q ) for some of those manifolds are given in Theorem l3.3^ and 

their Eells-Kuiper invariants in Theorem 13.71 For the spaces Pk, we obtain the 
simplified formulas of Theorem 10.21 and prove Theorem 10.31 and Corollary 10.41 
Finally, section H] contains the computations of r/-invariants needed to prove 
Theorems 13.31 and 13.71 
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1. An Adiabatic Limit Theorem for ?7-Invariants of Seibert 

FiBRATIONS 

A Seifert fibration is a map from a smooth manifold to an orbifold that 
becomes a proper fibration over the smooth covering of each orbifold chart. 
Each Seifert fibration is thus a Riemannian foliation with compact leaves. The 
leaves over singular points of the orbifolds are quotients of the generic leaf over 
a regular point. 

We extend the adiabatic limit theorem of Bismut-Cheeger and Dai to Seifert 
fibrations. We have to take care of additional terms arising at the singular locus 
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of the orbifold. In some special cases, these extra terms give rise to Dedekind 
sums. 

l.a. Orbifolds, Orbibundles and Seifert Fibrations. We recall the def- 
inition of an orbifold. By Remark 11.31 below, we may assume that the base 
orbifold B is effective. This will be assumed for the rest of the paper and 
makes some constructions a lot easier. 

1.1. Definition. Let G be a compact Lie group together with an action on M". 
An n-dimensional smooth G- orbifold is a second countable Hausdorff space B 
with the following additional structure. 

(1) For each point b £ B there exists a neighbourhood U C B of b, an 
open subset V C invariant under the action of a finite group F 
via />: r G — )• GL(n,]R), and a homeomorphism 

ij:p{T)\V^U with ^(0) = 6 . 

We call ip an orbifold chart, and we call p the isotropy representation 
and F the isotropy group of b in B. 

(2) If 5 G U C B and 7p: p(T)\V U are as above, if b' £ U, and 
if ip' : p'{T')\V' — )• U' are choosen analogously for 5', then there ex- 
ists an open embedding (p: il>'~^{U) — >• V and a group homomor- 
phism F' — 7- F, such that 

if O p'y = O p 

for all 7' € F', and 

^P{p{T)piv'))=^P'{p{r')v') . 

We call p a coordinate change and 1) an intertwining homomorphism. 

An oriented orbifold is an SO(n)-orbifold where all coordinate changes are ori- 
entation preserving. A spin orbifold is an oriented Spin(n)-orbifold. 

We will say n-orbifold shortly for 0(n)-orbifold, and we will drop p from the 
notation when the action of F is clear from the context. If 99 is a coordinate 
change with intertwining homomorphism -d as above, then p^opis another coor- 
dinate change with intertwining homomorphism 7' 1— )■ 7i9(7')7~^ for each 7 G F. 
We do not impose any further condition (like a cocycle condition) on the choices 
of coordinate changes and intertwining homomorphisms. 

1.2. Definition. Let B he a G-orbifold and let X be a smooth manifold. An 
orbibundle with fibre AT is a map p from a topological space M to B with the 
following extra structure. 

(1) For each b £ B, there exists an orbifold chart tp: p{T)\V U C B 
around 6, a fibre-preserving action o" of F by diffeomorphisms onVxX 
covering p and a homeomorphism ^p : a{r)\(y x X) p~^[U) such that 
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the diagram 

V xX > (t{T)\{V X X) P~^{U) 

p 

V > p{r)\v u 

commutes. 

(2) If V: p(r)\V U and V': p'(r')\V' U' are orbifold charts as in 
Definition 11.11 (j2]) with coordinate change (/? and intertwining homo- 
morphism and a, a' and ip, ip' are as above, then there exists a 
diffeomorphism (f: ip'~'^{U) x X ^ V x X such that 

for all 7' € r', and such that the diagram 

V^'-i(C/) X X > a'{T')\{ij'-^{U) X X) p-^{Ur\U') 

<p 

VxX > a{T)\{V X X) P'HU) 

commutes. 

If all actions a are free, then M carries the structure of a smooth manifold, and 
we call p: M ^ B a Seifert fibration. If X is a vector space and all actions a 
and all diffeomorphisms (p are fibrewise linear, then we call p: M — >• i? a vector 
orbibundle. If X = G is a Lie group and all a and all commute with the right 
action of G on X, then G acts on M, and we call p: M ^ B a G-principal 
orbibundle. 

1.3. Remark. Alternatively, a Seifert fibration with compact fibres is a connected 
manifold M with a Riemannian foliation such that all leaves are compact. To 
see this, we pick a holonomy invariant metric on M and let B = MjT denote 
the space of leaves and p: M ^ B the quotient map. 

Let L be a leaf with normal bundle Nl — )• L. By compactness, there ex- 
ists r > such that the normal exponential map exp^ is an injective local 
diffeomorphism from the disc bundle Nr to M. We use exp^ to construct an 
orbifold chart for B and an orbibundle chart for M around L. Fix i € L 
and let PL,e- — ?• 0{Ni) denote the holonomy representation. Then p^^i 
induces a representation 

PL,i- Tl/ = ni{L,£)/ker{pL,e) 0{N,) , 

and D^Ni is a bundle chart for B around L with isotropy group Tj^^i and isotropy 
representation pi^i. The transition maps and intertwining homomorphisms are 
not hard to construct, either. 

Moreover, let L denote the universal covering space of L, so L = ■7Ti{L, i)\L. 
Then T^^i acts on 

Xl/ = ker{pL/)\L , 
and because M is connected, all Xl/ are diffeomorphic. This way, we can 
construct orbibundle charts and transition maps as in Definition 11.21 
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If B is an orbifold, then there is a natural tangent orbibundle TB — t- B. There 
is a natural notion of a Riemannian metric on B, and such metrics always exist. 

lip: M — )• 5 is a Seifert fibration, then there exists a natural map dp : TM — )• 
TB and a well-defined vertical subbundle TX = kei dp C TM. If g'^^ is a 
Riemannian metric on M, let T^ M = (TX)-^ — t- M denote the horizontal 
subbundle. Then g'^^^ is a submersion metric if there exists a Riemannian 
metric (7^^ on B such that fibrewise isometry. 

1.4. Remark. Whitney sums, Whitney tensor products, dual bundles and ex- 
terior powers can be defined for vector orbibundles over a base orbifold B. 
However, because in general not all "fibres" of a vector orbibundle are vector 
spaces, one cannot apply these constructions fibrewise. Instead, one has to 
perform the respective constructions fibrewise with the bundle charts and tran- 
sition maps of Definition [L2l By functoriality, the resulting collection of bundle 
charts and transition maps define another vector orbibundle on B. Similarly, 
there is a natural notion of a Dirac orbibundle over an orbifold. 

If — )• -B is a vector orbibundle with fibre k^, the space of sections is given 
locally in a chart V — t- T\V = C/ as a space of T-invariant maps 

T{W\u)=C'^{V-Xf . 

After these preparations, we may now write 

n'{B; W) = r{A'T*B (g) W) . 

If W is graded, the tensor product is understood in the graded sense. 

Let M — 7- be a Seifert fibration with fibre X, let T^ M denote a horizontal 
subbundle, and let F — > M be a vector bundle. Let Vl'{M/B] W) — > B denote 
the infinite-dimensional vector orbibundle with fibre Q.*{X; W\x)- Then 

0'(M; W) ^ {B; n'{M/B; W)) , 

and this isomorphism depends explicitly on the choice of T^ M. This follows 
by regarding the pullback of the local situation to bundle charts. 

In particular, all constructions of local family index theory such as adiabatic 
limits and Getzler rescaling are still well-defined for Seifert fibrations. 

l.b. The Inertia Bundle and Characteristic Classes. Kawasaki's index 
theorem for orbifolds has been formulated for general elliptic differential oper- 
ators. The topological index is formulated in terms of characteristic classes of 
symbols. For the task at hand, we need to specialise these classes to the case 
of twisted Dirac operators. 

We recall the definition of the inertia orbifold AB of B in [23]. Its points 
are given as pairs {p, (7)), where p £ B and (7) is the L-conjugacy class of an 
element of the isotropy group T of p. li ip: T\V — )■ [/ is an orbifold chart for B 
around p = 1^(0), we obtain an orbifold chart 

V'(^) : CrmV^ ^ X {(7)} C AB (1.1) 

by restriction, where V'^ denotes the fixpoint set of 7 and Cr(7) is the centraliser 
of 7 in r. In general, the inertia orbifold is no longer effective. Hence, let 

m(7) = #{^9GCr(7) =idy. } (1.2) 
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denote the multiplicity of (p, (7)) G AB. Then 771(7) defines a locahy constant 
function on AB. 

Let A'^^ —7- V^' denote the normal bundle to V in V, and let R^^ be the 
curvature of the connection on induced by the pullback of the Levi-Civita 
connection. Let 7 denote a lift of the action of 7 on N-y to the spin group under 
the natural projection Spin(A'^) — )• SO(A'^). If S is a spin orbifold, such a lift is 
part of the orbifold spin structure. Otherwise, the lift 7 is determined uniquely 
up to sign. Hence, the inertia orbifold has a natural double cover 

Ai3 = {(p,(7)) |7lifts7} ^A5. (L3) 

As in (jl.ip . one constructs charts for AB by 

V'(^) : Crh)\V^ ^ X {(7)} c AB . (L4) 

The equivariant Chern character form of a Hermitian vector bundle {E, V'^) 
with connected, equipped with a parallel fibrewise automorphism g, is classically 
defined as 

chg{E,V'^) =ti{ ge~ 2ni . (I.5) 



There exists a local spinor bundle SN^ — t- for N^. Given a local orientation 
of N^, there is a natural local splitting SN^ = S~^Ny © S~N^. Using i?^^ and 
a lift 7 of 7 as above, we can define the equivariant A-ioim on by 

1.5. Remark. This construction of A^{TV,'V'^^) has the following properties. 

(1) Because 1 is not an eigenvalue of 7|Ar^, the denominator is invertible 
in i}*(V'^). In fact, as explained in [2, section 6.4], one has 

di^{S+N^ - S-Nj,V^^-') = ±i^~ detM id -76"^^ 



(2) The form A!y{TV,'V ) only depends on the conjugacy class of 7. 

(3) Replacing the lift 7 of 7 by the lift —7 changes the sign of Aj{TV, V 

(4) If one changes the orientation on but keeps the orientation of the 
total tangent space ry|y7, then the orientation of A'^ changes as 
well, and the subbundles S^N^ and are swapped. Hence the 
form Aj{TV,V'^^) changes its sign. On the other hand, its integral 
over the corresponding stratum of AB then does not depend on the 
orientation chosen on , only on the orientation of V. 

Let us introduce the notation 

ff{AB;AB) = {ae Q'(AB) \ a|(p,(-^)) = -a\{p,m } , 

and let us denote by i7*(Ai?; AB o{AV)^ the space of forms that change sign 
depending on the choice of a local orientation of AB. We assume that B is an 
oriented orbifold. By ([2])-(jl]), the forms A!y{TV,'V'^'^) in local coordinates can 
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be used to construct a well-defined form Aab{TB, V^^) G n*{AB; AB0o{AV)) 
with 

%iAB(Ti?,v^«) = ^i,(ry,v^^) , (1.7) 

where m('y) is the multiplicity of (|1.2p . With the choice of 7 given by a spin 
structure, this is the integrand in Kawasaki's orbifold index theorem [23] when 
specialised to untwisted Dirac operators. 

Let {E,V^ , , c) denote a Dirac orbibundle over V, and let 7^ be a com- 
patible action of 7 on E. Then ^^/^ = 7^ • commutes with Clifford mul- 
tiplication and has the same sign ambiguity as 7. If we write E = SM W 
locally, then W carries a natural connection with curvature = R^^^, 
and ^^/^ acts on W, and we can define the equivariant twist Chern character 
form 

ch^(S/S, V^) = ch-E/s{W,V^) . 

Then i^(ry,V^^) ch^(£;/5,V^) is the integrand in the local Atiyah-Segal- 
Singer equivariant index theorem. Berline, Getzler and Vergne propose a par- 
ticular choice of the lift 7 in [21 section 6.4]. 

Because ch;y(£'/5, V'^) only depends on the conjugacy class and the sign of 
the lift 7, there exists a well-defined class ch.AB{E / 3,^/^) G 0*(Ai?; Ai?) such 
that 

V'^^)ChAij(^/5,V^) = ch^(^/5,V^) . 

Then Aab{TB,V^^) chAB(E/5,V^) E n' {AB; o{AB)) is the integrand in 
Kawasaki's index theorem for orbifolds when specialised to twisted Dirac op- 
erators. In particular, the integral over AB does not depend on the choices 
above. In the special case of an untwisted Dirac operator, we have E = S, 
and 7^ is itself a lift of 7. In this case, we simply have ch.x^{E/S, \/^) = 1 if we 
take 7 = 7^^, and ch.!y{E / S,V^) = —1 otherwise. 

I.e. Adiabatic Limits. If M — t- i? is a Seifert fibration and g'^^^ is a submer- 
sion metric as in Section [Lai we obtain a family of submersion metrics {g'^^)e>Q 
with the same horizontal bundle M — )• M such that ^J^^Itx = 5^*^|tx 
and gf'^lxHM = ^'"^ d'^'^^lr^M- The limit e — )• is called the adiabatic limit. 

Let 61, ■ ■ ■ Gn and /i, . . . , fm—n be local orthonormal frames of TX and TB. 
The horizontal lift of a vector field v on B will be denoted by v. Then a local 
orthonormal frame of TM for is given by 

^1 = Ci, . . . , Cn = Cfi) ~ ^/li • • • ) ~ ^fm—n • (1-^) 

1.6. Definition. An adiabatic family of Dirac bundles for p: M ^ B consists of 
a Hermitian vector bundle {E,g^), a Clifford multiplication c: TM — t- Endi?, 
and a family of connections (V^'^)e>o, such that 

(1) The quadruple {E,\I^''^ ,g^ ,d^) is a Dirac bundle on {M,gJ^^) for 
all e > 0, where the Clifford multiplication is given by c^{e'j) = c{ej). 

(2) The connection V^'*" is analytic in e around e = 0. 
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(3) The kernels of the fibrewise Dirac operators 

n 
i=l 

acting on i?|p-i(fc) form a vector orbibundle H ^ B. 
We win call the associated family (-DM,e)e>o with 

m 

1=1 

an adiabatic family of Dirac operators for p. 

We consider the infinite dimensional vector orbibundle p^^E ^ B with 

p^E\b = r(£;|p-i(6)) 

for all regular points h ^ Bq. It carries a fibrewise L^-metric 5^2^ that is 
independent of e. 

Associated to (i?, V^''^, (7^, c) is Bismut's Levi-Civita superconnection 

At = t^Ao + Ai+r5A2 , (1.9) 

on p^E —7- B for t > 0, see [2], [5]. Here, Aq = Dx is the fibrewise Dirac 
operator of ([3]) above. The part Ai = \/p*^'^ is the unitary connection on 
that is induced by 

V^'O-i/i, (1.10) 

where h: T^M ^ EndTX is the mean curvature of the fibres of p, and A2 is 
an endomorphism of E ^ M with coefficients in A^T*B. 

Let 7 G r be an element of the isotropy group of 6 G B, then 7 acts on p^E. 
If SB — )• denotes a local spinor bundle on B, then there exists a fibrewise 
Dirac bundle — )• M such that as vector bundles, locally 

E^p*SB0W — >p~'^{V^f) and p^E^ SB(^p^W — > . (1.11) 

After choosing a lift 7 G Spin(A''^) of the action of 7 on A''^ as in (jl.Sp . we can 
split 7 = 7^07, see (I2.20p below. Over V^, we consider the equivariant rj-form 

r/^(A) = y^ _(2vrz)-— trp,H/(^7^^e-^?jdtGl^'(F^) (1.12) 

as in Remark 3.12], where A^^^ denotes the number operator on Q'iV^). 
Again, the sign of r]!y{A) depends on the choice of 7; if B is a spin orbifold, 
then this choice is natural. Note that in contrast to [15j . we already eliminate 
27ri-factors inside the differential form r]^{A) and not after integration. By 
assumption ^ above, the integral converges uniformly near t = 00 because the 
operators Dx have a uniform spectral gap around the possible eigenvalue 0. 
If 7 = e is the neutral element, then r]^{A) = r/(A) is the 77- form of Bismut and 
Cheeger, and the integral in (I1.12p also converges near t = by [3j. Otherwise, 
7 acts freely on the fibres, and small time convergence is not an issue. 
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1.7. Definition. The orbifold rj-form ijAsi^) £ il*(AS;Ai?) is defined sucfi 
tfiat in tlie orbifold charts of (|1.4p . 

i'l^)VAB{A) = 7?^(A) . (1.13) 

This is well-defined because ??7(A) only depends on the conjugacy class 
and the sign of 7. Moreover, the integrand Aa_b (T5, V"^^) 2t/a_b(A) G 
Q*{AB; o{AB)) in the first term on the right hand side of Theorem 10 . 1 1 dep ends 
only on the orientation of the fibres of p: M — )■ B; in particular, the inte- 
gral over AB only depends on the global orientation of M by Remark 11.51 (jl]). 
Note the different normalisation of T/-forms and T/-invariants. The component 
of 2r]^{A) of degree in Q*{AB) is the equivariant r/-invariant of the fibre. This 
explains the additional factor 2 in the integrand in Theorem lO.il 

Locally, there exists a unique family of spinor bundles (/SM, V'^^^'^, 5"^*^, c)£ 
on (M, 5^"^), and the Dirac bundle E splits as -E = SM W . There exists a 
locally uniquely defined family of connections V^/'^''^ = V*^'^ such that V^'^ is 
the tensor product connection induced by V^*^'"^ and V^'^. Note that for the 
family of odd signature operators i?Af,e; we cannot assume that \/^/^'^ is inde- 
pendent of e. We obtain globally well-defined endomorphism-valued differential 
forms 

V-^/^'" - V^/^'° G Jl^(M;EndE) and R^^^'^ e ^l^{M;EndE) (1.14) 

that commute with Clifford multiplication. The curvature R^/^'^ of SJ^/^'^ is 
called the twisting curvature in [2j. By assumption ([2]) above, both \/^/^'^ — 
yS/s.o ^j^j j^E/s,e cigpgnd analytically on e around e = 0. 

Let Px '■ p*E — )■ H denote the L^-orthogonal projection onto H = keic Dx- 

1.8. Definition. The effective horizontal operator of an adiabatic family of 
Dirac bundles {E,V^'^ ,c) is defined as 

^c(/„)V--'VEc(e.)^[^^V-/MoP,. 

a=l i=l ' 

The operator is selfadjoint. Its ry-invariant is further investigated in 
Proposition [231 If the fibres are odd-dimensional, we will see in section [Ldl that 
in important special cases, the r/-invariant of the effective horizontal operator 
vanishes. 

Again by assumption ([2]) above, there exists Eq > such that the kernel 
of -Dm,£ has constant dimension for all e G (0, eo). By [10] and section [2!gl below, 
there are finitely many eigenvalues \v{e) of P>M,e (counted with multiplicity), 
called the "very small eigenvalues", such that 

\^{e) = 0{e'^) and / Xu{e) for all e G (0,eo) • (1-15) 

We have now defined all ingredients of Theorem 10.11 Its proof is deferred to 
section [2j 



l.d. Special cases of the adiabatic limit theorem. We consider fibres of 
positive scalar curvature, and the signature operator. 
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We assume first that M and B are spin, then the vertical tangent bun- 
dle oi p: M — )• B also carries a spin structure. By abuse of notation, we 
write T/AB (-^Az/B ) instead of rj/^si^) for the orbifold r^-form associated to the 
untwisted Dirac operator. 

If the fibres of M — t- -B have positive scalar curvature, then for the untwisted 
Dirac operator -Da/.e) the fibrewise operator is invertible, hence H = and 
there is neither a effective horizontal operator nor are there very small eigen- 
values. In particular, Dm,e satisfies the conditions of Dai's theorem. The same 
still holds for the Dirac operator D^^^ that is twisted by the pullback of an 
orbibundle W ^ B with connection V'^. 

1.9. Corollary. // the fibration M ^ B and B are spin, the fibres of M ^ B 
have positive scalar curvature, and ifW^Bisan orbibundle, then 

hm r?(D^f ) = / Aab {TB, V^^) chAB {W, V^) 2r7AB (Dm/b) ■ 
£-^0 ' Jab 

Proof. If W is trivial, then the corollary follows from Theorem 10.11 by the con- 
siderations above. If ly — )• i? is an orbibundle, then the result follows from 
remark 12.131 □ 

The odd signature operator BM,e on M also satisfies the conditions of Dai's 
theorem. Here, the bundle H ^ B corresponds to the fibrewise cohomology, 
regarded as a Z2-graded vector bundle. In contrast to [10], we regard Bm^e as 
an operator on 17'^™'^ (M), not on all forms. Note that the twisting curvature 
depends on e. 

There is a natural notion of a differentiable Leray-Serre spectral sequence 
of M — )• and by Mazzeo and Melrose [23, the very small eigenvalues {Xu{£))i, 
of BM,e are related to its higher differentials. The effective horizontal opera- 
tor B'^^ is related to the i?i-term of this sequence by results of Dai [lOj sec- 
tion 4.1]. Dai also constructs a signature r,. E Z on the r-th term of this 
spectral sequence for all r > 2. 

Let A^-^ denote the number operator on Q*{B), then the rescaled L-class 

L{TB,V^^) =A{TB,V^^) ch{SB,V^^) = 2'^™'^2~^ L{TB,V^^) 

has a natural general equivariant generalisation leading to Lab(^-B,V^^) G 
Q*{AB). Finally, let us write rj^B^BM/B) instead oirjABi^) in this setting. 

1.10. Corollary (cf. Dai p!0], Theorem 0.3). If the fibration M ^ B is oriented, 
then 

» oo 

lim r?(SM,.) = / Lab{TB, V^^) 2^ab{Bm/b) + v{Bf) + ^ . 



Moreover, if dim B is even, then r]{Bf ) = 0. 

Proof. This follows from Theorem 10.11 as in Dai's paper [lOj. The first term 
again arises because of Remark 12.131 The vanishing of r}{B'^) for even dimen- 
sional base orbifolds follows from Proposition 12.51 □ 
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I.e. Seifert fibrations with compact structure group. We assume that 
the fibres of the map p: M ^ B are totally geodesic submanifolds of M. 

Assume for the moment that i? is a connected Riemannian manifold and 
that p: M — 7- is an ordinary Riemannian submersion. Each path in B in- 
duces a parallel transport between the fibres over its endpoints. By a result 
of Hermann [21j, all these parallel translations are isometrics if and only if the 
fibres of p are totally geodesic. In this case, let X be isometric to a fibre of p 
and let G denote the isometry group of X acting from the left. Then there is a 
natural fibre G-principal bundle 

P=|/:X— T-Ml/isan isometry onto a fibre of p } 

with a natural right G-action, and we have M = P xq X. 

If we are given an adiabatic family {E,'V^''^ , ,c) of Dirac bundles as in 
Definition 1 1.61 then we assume further that the parallel transport between fibres 
lifts to isomorphisms between the restrictions of {E,'S/^''^ , ,c) to the fibres 
of p. In this case, let G denote the automorphism group of 

{{E,V^'^g^,c)\x)^{X,g^), 

then the family p: M ^ B is still associated to a G-principal bundle P ^ B. In 
this case, we say that the adiabatic family {E, V^'^,g^ , c) has compact structure 
group G. 

Let b ^ B and identify p~^{b) with X and Ep-n^-^ with E\x X, then for v, 

w £ Tf,B, the fibre bundle curvature [v,w] — together with its natural 

action on E is described by an element i}{v,w) £ q. Different identifications 
oi E ^ X with £'|p-i(^) give elements of g in the same Adc-orbit. 

By Lemma 1.14], there exists an Adc-invariant formal power se- 

ries t]q{Dx) G C|g], the infinitesimally equivariant tj-invariant, such that 

2r]{A) = r]j^{Dx) ■ (1.16) 

2TTi 

Here, Dx is the component of A of degree 0, regarded as an operator on a 
bundle W ^ X such that locally, E = W p*SB. This invariant has been 
computed for the untwisted Dirac operator and the signature operator on 
in \15\ Theorem 3.9]. A more general formula for quotients of compact Lie 
groups with normal metrics can be found in [16, section 2.4]. 

Now, let p: M — )• i? be a Seifert fibration with generic fibre X and assume 
again that all fibres are totally geodesic. Then the construction above still 
applies to bundle charts as in Definition 11.21 If we trivialise p over V by parallel 
translation along radial geodesies in V, then the isotropy group T acts onV xX 

by 

with G G for all 7 G F. Thus, we obtain a G-principal orbibundle 

P=|/:X— T-Mj/isa local isometry onto a fibre of p } , 

and again, we have M = P Xq X ^ B. Moreover, for 7 G F, the restricted 
curvature r2|Ty7 takes values in the Ad^-invariant part of g. Thus, if (p, (7)) G 
AB \ B, let ^^(7) : Crij)\V'^ AB be an orbifold chart for AB around (p, (7)) 
as in (jl.ip . We regard the pullback of M — )• S restricted to and identify 7 
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with & G acting on X and E. Then 0,\vi takes values in the Lie algebra c(cr^) 
of the centraliser Ccicr^) of a-y in G. 

1.11. Theorem. Let p: M ^ B be a Seifert fibration, and let [E,\/^'^ ,c) 
be an adiabatic family with compact structure group G. For each {p, (7)) G AB, 
there exists a formal power series 

^<,,cK)(^x)GM[cK)l 

such that the orbifold rj-form is given in an orbifold chart around {p, (7)) 
as 

V'^;y)??AB(A) =r] j^{Dx) . 

If 1 = id, then rig^^(^cF ){Dx) = rj^iDx) is the infinitesimally equivariant rj- 
invariant. If 'j acts freely on the typical fibre X, then 'i]'y,c{a ){Dx) is the for- 
mal power series expansion of the classical equivariant rj-invariant rj^^ ^-s{Dx) 
at H = G c(cr^). 

Proof. If 7 = id, this is just [151 Lemma 1.14]. If 7 7^ id, then 7 acts freely on 
the fibre X because p: M — )• i? is a Seifert fibration, and the result is explained 
and proved in p5]. Remark 3.12. □ 

Note that over each singular stratum of i?, the fibres of p are finite quotients 
of X, so that we are in a situation similar to Lemma 3.11 in |15j . 



2. A PROOF OF THE ADIABATIC LIMIT THEOREM 

In this section, we sketch a proof of Theorem 10. 1[ We will omit most of 
the details, in particular those explained by Bismut, Cheeger in p] and by Dai 
in [lOj . The proof is based on the well-known formula 

r]{DM,e) = / -j= tr(DM,e e^*"""-^ ) dt . 
Jo vvrt ^ ^ 

We define a spectral projection onto the sum of the eigenspaces for the very 
small eigenvalues in section \2l[ which commutes with Dm,e for each e > 0. We 
also find a small constant a > and write 

rj{DM,s) = / ^ trfz^M,. e-'^''A dt 

Jo VTTt ^ ^ 

poo -y / 2 \ 

+ / ^ tr ( (1 - P,) DM,e e-'^'^r. ) dt 
+ / -= tr(PeDM^ee-'^'^Adt . 

The three terms on the right hand side give rise to the three expressions on the 
right hand side of Theorem [OTT] by Propositions l2.12l 12.101 and l2.111 respectively, 
which will be stated and proved below. Thus, Theorem lU.ll follows from the 
results of this section. 
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2. a. Local Computations. We will use small roman indices in {1, . . . ,n} re- 
ferring to coordinates of the fibres, small greek indices in {n+1, . . . , m} referring 
to coordinates of the base, and capital indices in {!,... ,m}. Let V'^^'^'^ de- 
note the Levi-Civita connection with respect to the bundle-like metric = 



Let V"^^ denote the Levi-Civita connection on the orbibundle TB — )• B. 
By [3], there exists a connection V^'''" on TX — )• M, a symmetric ten- 
sor S : TX (g) TX T^M and an antisymmetric tensor T : T^M ® T^M 
TX, with coefficients Sij^ and tai3k, such that 

7 
/3 

k 7 

and V™'^e^ = (p*V^^)^^e^ + 6 ^ t^^^fc . 

A: 

We identify the tangent bundles (TM, (7e) orthogonally for different e > by 
sending (ei, . . . , e^) at e = 1 to the i^e-orthonormal frame of (II. 8[) . With respect 
to this identification, we obtain the limit connection 

V™'° = lim V™'^ = V^^ e /V^^ . (2.1) 

Note that this differs from the geometric limit of Levi-Civita connections de- 
scribed for example in [21 section 10.1]. 

Let us assume for the moment that the base B and the map p are spin, which 
is always true locally on M, and let SX — )■ M be a spinor bundle for TX — t- M. 
Then we have an isomorphism of vector bundles 

SM^SX(^p*SB 

independent of e, and the connection V"^^^'*^ induced by V^^^'" is the ten- 
sor product connection. To define Clifford multiplication c/ by on SM for 
all / = 1, . . . , m, the tensor product is understood in a Z2-graded sense. The 
connections V"^*^'^ induce connections V^*^'"^ on the spinor bundle SM — )• M 
for all e > 0. We have 

Y75M,£ _ Y7SM,0 n n \^ + nr. 



SM,e _ xnSMfi ^ 



J,7 .2.2) 



Let [EjV^'^ , ,c)syo be an adiabatic family of Dirac bundles on M as in 
Definition 11.61 We can now define a vertical and a horizontal Dirac operator by 

Dx = y] CiV^f , and Db,s = - {DM,e - Dx) ■ (2.3) 



e 
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Let V^/^'^ - V^/'^'° denote the one-form of ([TTl]). Then 
Db^s = ^Ca (vff + IY1 ^^^^ ~ i 2Z ^^^/^j 

' ^ ' " (2 4) 

a ^ ' i 

where /i G M denotes the mean curvature vector of the fibres in {M,g), 
and ha denotes its component in the direction of a. Note that the connec- 
tion V^'" — ^ {h, •) for e = in the above expression for DB,e is not unitary 
on — )• M in general, but it induces a unitary connection V^*^''' on the infinite 
dimensional vector orbibundle p^:E — )• B. 

2.1. Lemma. Let (i?, V^'^, (7^)£>o be family of Dirac bundles on the family of 
Riemannian manifolds {M, gJ'^^)^yQ. Decompose the associated family of Dirac 
operators Dm,£ = Dx +sDB,e o,s above. Then the anticommutator of Dx 
and DB,e is the sum of a fibrewise differential operator of order one and an 
endomorphism of E. 

We write supercommutators as [ • , • ] . 

Proof. Because Dx is of order one and involves only fibrewise differentiation, 
supercommutators of Dx with a zero order operator satisfy the assertion above. 
Hence, it suffices to consider 

E[^^'Vf.°]=j:(c.c(v™'%)vf^° 

Because is the horizontal lift of a vector field on B, 

(p*V^^)e.e„ = 0, and [e ijCce] is a vertical vector field. Our claim follows. D 

2.b. The effective horizontal operator. We regard the infinite-dimensional 
bundle p^,E — )• B. Together with the connection V^*^''^ of (jl.lOp . it becomes 
an infinite-dimensional Dirac orbibundle on B. 

Let Px G End(p*£') denote the fibrewise L^-projection on kerDx- By as- 
sumption ([3]) in Definition (jl.6p , H = ker Dx = ini Px is a finite rank vector 
bundle over B. Note that Px does not necessarily commute with the connec- 
tion V^*^'*'. We define a connection V''^ on H by 

V^ = Pxo VP-^'° oPx=Pxo (v^^^'O - 1 o P;, . 

2.2. Proposition. Let Px and H be as above. 
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(1) The operator Px is a fibrewise smoothing operator of finite rank that 
commutes with Dx and with Clifford multiplication with horizontal vec- 
tors. 

(2) The orbibundle H ^ B, equipped with the restriction of the fibrewise 
L'^-metric and the connection , becomes a finite- dimensional Dirac 
orbibundle on B. 

Proof. The projection Px commutes with Px by construction, and with Cq. 
because Dx anticommutes with Cq. 

The connection V^*^''' respects the L^-scalar product, so its contraction 
onto H respects the induced scalar product. Because Px commutes with Cq, 
we obtain a Dirac orbibundle. □ 

2.3. Remark. By Definition 11.81 the effective horizontal operator is a Dirac 
operator if the family of local twist connections V^'^ considered in the previous 
section is constant in e. This is not the case for the odd signature operator Bm,£ 
on {M,gJ^'^), as explained in \W\ section 4.1]. The local twist bundle W is now 
given by (SM, V'^*^'^). Hence, by equation (12. 2p . we have 



de 



s=o 2 

J>7 



This term only depends on the second fundamental form of the fibres, in partic- 
ular, for totally geodesic fibrations the effective horizontal operator is in fact the 
Dirac operator on the Dirac bundle {H, jV^) of Proposition 12.21 (j2|) above. 

2.4. Proposition. The rj-invariant of D^g is given by a convergent integral, 

v{Df)=J^^-^^tr[Dfe-'^^f^')dt. 

Proof. Convergence for t — )• oo is clear because we assumed that B is compact, 
and hence D'j^ has discrete spectrum. 

For small-time convergence, we adapt the proof of fU section II]. We put 

i 

Because Cq, commutes with Px, we find that A anticommutes with Clifford 
multiplication, 



[co,,A]=PxoY^ 

i 

In particular. 



d_ 

de 



e=0 



o = . 



We introduce an exterior variable z that anticommutes with the Clifford 
multiplication and is parallel with respect to V^. Consider the connection 



V-f^'^ = - ^ c( • ) (2.5) 
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on the Dirac bundle H of Proposition 12.21 Then instead of the usual Bochner- 
Lichnerowicz-Weitzenbock formula, one has 

{Db) +zDb -V ''V + 

+ ^c4vl,A]+A^ + zA. (2.6) 

a 

If P, Q are endomorphisms of a vector space, define tr2(P + zQ) = tr((5), then 
tr(<e-*(^B = i tr,(e-*«^B«)'-^^^«)) . (2.7) 

We want to compute the heat kernel of e~^'^^^'B^^ ~^^'b) using Getzler rescal- 
ing. To see that this is possible, we have to distinguish two cases. 

If dimi? is even, only even elements of the Clifford algebra contribute to 
the trace. Hence, in the asymptotic expansion of the heat kernel, only terms 
involving the operator A an odd number of times will contribute. But A acts 
as T ® A' , where r denotes the Clifford volume element and A commutes with 
Clifford multiplication. Hence, we may replace A formally by A' and the trace 
by a supertrace, so Getzler rescaling is appropriate. 

On the other hand, let dimi? be odd. Then dimX is even, and the bundle H 
splits as ® H~ . The splitting is preserved by D^, but A exchanges the 
summands. Hence, in the asymptotic expansion of the heat kernel, only terms 
involving the operator A an even number of times will contribute, so we have 
to take the trace on the odd part of the Clifford algebra, and Getzler rescaling 
is again appropriate. 

Either way, we perform Getzler rescaling of the Clifford variables Ca, and A 
is not affected. Then the additional terms in the second line of (|2.6p cause no 
trouble because A and [V^ , A] do not involve Clifford multiplication at all. 
Hence, small time convergence follows as in □ 

2.5. Proposition. If dim B is even, the effective horizontal operator of the adia- 
batic family of odd signature operators {BM,e)e on M has vanishing ij-invariant. 

Proof. The effective horizontal operator B'j^ acts on n*{B;H) and exchanges 
even and odd forms by [10^ section 4.1]. Thus, the odd heat kernel B^ g-*(^B*)^ 
also exchanges even and odd forms, and hence, its trace is zero. Hence, the 
integrand in Proposition 12.41 vanishes. □ 

2.C. The Dirac operator as a matrix. The following sections are inspired 
by work of Bismut and Lebeau [5l chapter 9] and Ma [261 chapter 5] . We will 
write operators acting on Pf:E = ker © iuiDx as matrices of the form 

Y=( p^^p^ PxY{i-Px) \^(yi y2 

\{l-Px)YPx {l-Px)Y{l-Px)) V^3 

in particular 

1 — ^-1 j ^M,e,l DM,e,2\ _ f DB,e,l ^B,£,2 

e \P>M,e,3 DM,e,i) \DB,e,3 D X + D B,eA^ 
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r)cfr 



is an endomorphism of H ^ B of magni- 



2.6. Proposition. As e ^ 0, 

(1) the operator Db,£,i 
tude 0{e), and 

(2) the operators DB,e,2 C'^d DB,e,3 o,re uniformly bounded fibrewise smooth- 
ing operators of finite rank. 

Proof. The first claim follows from the Definition 11.81 of the effective horizontal 
operator and equation (I2.4p . 

The projection Px is a fibrewise smoothing operator of finite rank. It 
commutes with Clifford multiplication Cq, by horizontal vectors. We conclude 
from ()2.4p that the commutator [Db^e^Px] is again a fibrewise smoothing op- 
erator of finite rank. Now ([2|) follows because 

Db,s,2 = Px o Db,s o (1 - Px) = -[Db,s, Px] o (1 - Px) 
and Db,s,3 = (1 - Px) o DB,e o Px = (1 - Px) o [Db,s, Px] 
are uniformly bounded fibrewise smoothing operators of finite rank. □ 

2.d. A resolvent estimate. Let denote the smallest absolute value of a 
nonzero eigenvalue of the effective horizontal operator D'j^ , and let < c < . 
Let r = r+ U To U r_ denote a contour in C, where r± goes around ±[Xb, +oo] 
with distance c, and Tq is a circle around with radius c. We choose eo > 
such that Proposition 12.71 is satisfied and such that all eigenvalues of £~^Dm,£ 
lie inside the area enclosed by T for all e > 0. 





To 












i As 







For A ^ spec(L'M,£,4)) we consider the resolvent 

^ A - e^^DM,eA 

We regard the family of Schatten norms on operators acting on L'^{E), given 

by 



1^1 



tr((A*yl) 



for 1 < p < oo, and let denote the operator norm. 

2.7. Proposition. There exist constants C and Eq > 0, such that for all p > 
dimM, all e £ (0, eo) cLnd all A E L, one has 

\\Remo.<C , (1) 

\\ReiX)\\^<Ce\X\ , (2) 

\\Re{X)\\p<C\X\ . (3) 
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Proof. For a G im(l — Px), we have 

II (i - e"-^DA/,e,4)(7||^2 

= {{l + e-^Dl+£-^[Dx,DB,eA] + Dl^,^^)a,a) . (2.8) 

The operator ^ 4 is selfadjoint with nonnegative spectrum. 

The operator L>^|jjn(i_p^) is a fibrewise differential operator of order 2, 
hence its spectrum is contained in [Ao,oo) for some Aq > 0. Let Ax de- 
note the fibrewise connection Laplacian acting on E ^ M, and let TZ^ de- 
note the curvature term in the classical Bochner-Lichnerowicz-Weitzenb"ock 
formula for Dx- Write A>B if A — B is a nonnegative selfadjoint operator. 
Because > Aq > 0, we find a parameter s > such that 



Dl-sAx = {l-s)Dl + s[^+TZ'' 
1-s o (l-s)A^ 



4 



(2.9) 



By Lemma l2.lt the anticommutator 

[Dx,Db,s,4] = (1 - Px) {DxDB,s+DB,eDx) (1 - Px) 
is the projection of a fibrewise differential operator of order 1. Write 

V 

where the Vy are vertical vector fields and h and the endomorphisms 
of — )• M depending on e. Note that Vy^ and b are uniformly bounded 
as e — )• 0. Because [Dx, Db^s] is selfadjoint, 



V V V 

Regard the nonnegative generalised fibrewise Laplace operator 

= se-^Ax + ^ ^(F^, Vy) a^al 

~ ^ X^f^"-^ ~ flz^) Vv^, + (divK)a* + [Vv,,a*] 
^Ax + e-\[Dx,DB,e] -b) + ^ Y.^V^., K) 



se — , _ 

4s 



Because h acts as a fibrewise endomorphism on £^ — )• M, we conclude that 

se-^Ax + e~\Dx,DB,e\ > -e^^C . (2.10) 
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A similar conclusion still holds if we replace D^^s by D^^eA because 

[Dx,DB,e\ - [Dx,DB,eA = DxDB,e,3 + DB,e,2Dx 

is a fibrewise smoothing operator of finite rank by Proposition 12.61 ([2]). 
If we put (l2:8])- (l2l(l together, we see that 



1 + e-^Djj^,^^ >i + __£d| + _J^__ + Dl,^^ (2.11) 



We immediately find that 

\\Remoo<Ce. 

Hence there exists > such that for all e G (0,eo)) the spectrum 
of £~^DM,e,4: is contained in M \ e~^(— c',c') for some constant c' > 0. The 
first estimate ([T]) follows from our choice of T. 

We obtain ^ from ([T]) and 

||i?,(A)|| < \\R,{i) - R,{i) {\ - i) R,{\)\\ 
< C£{l + \\-i\ C) . 

Moreover, (j2.1ip implies that there exists an £q > such that for all e G 

(0, eo), the operator l + [e~^Dx + DB,e,4) differs from a fixed selfadjoint second 
order elliptic operator by some selfadjoint operator with nonnegative eigenval- 
ues. By the variational characterisation of eigenvalues and the definition of the 
p-norm, we conclude that 

WRem^ = \\{i- (e-'Dx + DB,eA))~'\l - 

for all £ £ (0, eo) and all p > dimM. By a similar argument as above, the 
proposition follows for all A G T. □ 

In particular, the resolvent i?e(A) is uniformly bounded and of order 0(e |A|) 
for all A G r as e — 0. We write -Re(A) = 0(l,e|A|). In particular, we may 
extend this operator by for e = 0. 

2.e. The Schur complement. To compute the full resolvent of e~^DM,ei we 
consider the Schur complement Mg{X) of A — e~^L'j\/^£^4 in the matrix represen- 
tation of section 12. cl The Schur complement is given by 

M,(A) = A - DB,e,l - Db,s,2 o ReiX) o Db,s,3 ■ 

2.8. Proposition. There exists Eq > small such that for all £ G (0,eo) I'lT'd 
all A G r, the operator Mir{X) is invertible. Moreover, there exists C > such 
that for all p > dim M, 

\\M,{X)-'\\^<C , (1) 

M,{Xy^ -{X-Df r^ < Cmin(l,e|A|) , (2) 

00 

\\M,iX)-\<C\X\ (3) 

iX-Dfr' <C\X\, (4) 
p 
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Proof. By Propositions 12.6 1 and \2.7\ 

M,iX) = X-Df + 0(1,6 \X\). 

As DB,e,i + DB,e,2 ° Re{^) ° Ds^efi is a selfadjoint operator, its spectrum is 
contained in M, and Ms{\) is invertible with ||Afe(A)|| < - for all A G F 
with Im A = ibic. 

The remaining A G T satisfy | A| < 2Ab, so the remainder term M^{\)—X—D'^q 
is a bounded endomorphism of H with operator norm uniformly of order 0(e). 
Then in particular, the series 

k 



1 / 1 

- O - ^^(^)) XT^J (2-12) 



converges if e > is small enough. This proves invertibility of Mj(A). Together 
with the above, we obtain ([T|). 

We deduce ^ from ([T|) and our choice of F in section 12. dl because 

M,{X)-'-{X-Df)-' 

= (A - Z)lf )-i ((A - Df) - M,(A)) M,(A)-i = 0(1, e | A|) . 
For Q, we use that ||(i - Df)-^\\^ < C. Moreover 

\We{\)-'\\-- 



Dfr^ - (i - Dfr^ (M,(A) -{i- Df)) M,(A)-i 



< 



[t - Df)-' 



+ i^-Df)-' 
< C(l + (|A-i| +0(l,e|A|))C) , 
The last estimate (jH) is similar. 

We can now write the resolvent of £~'Dm,£ as 
1 



M,{X)-{i-Df) ||M,(A) 



□ 



A - e-^Dm. 



Me{X)-' MeiX)-' DBe2ReW 

Re{\) DB,e,3 M,{X)-' R,{X) + i?,(A) DB,e,3 M^X)-' DB,e,2 ReW 

1^ n \ 

+ Oil,e\X\) . 



A-Df 









ReW, 



The remainder terms consist of the resolvent of Df and one or more of the 



following finite-rank endomorphisms of p^E, 

{{X - Df) - M,{X)) 



X-Df 



DB,s,2Re{X) , 
RsiX)DB,e,3 . 



22 



SEBASTIAN GOETTE 



the behaviour of which is described in Propositions I2.6M2.81 We summarize the 
results of this section. 

2.9. Proposition. There exist constants C and Eq > such that for all p > 
dimM, all e G (0,eo)) o.iT'd all A G F, one has 



\{\-e-^D 



M,e) 



i\-e~^DM,e)-^\ 



< c 



<C\X\ 



< C 



{X-Df)-' <C\X\, 
p 



(A - s-^Dm, 



(X-D 



B 



< Ce \X\ . 



(1) 

(2) 

(3) 



In particular, the resolvent of e ^DM,e converges to the resolvent of the 
effective horizontal operator in a certain precise sense. 

2.f. Long time convergence. Define a spectral projection on T{p^:E) by 



1 
2Tri 



dz 



Then obviously commutes with DM,e- By Proposition 12. 91 ([3]) and our choice 
of c and Pq, we find that Pq = lim£_!.o-Pe is the projection onto the kernel of 
the effective horizontal operator D'^. In particular, imP^ is of constant finite 
dimension for all e > sufficiently small. 



2.10. Proposition. There exists a > such that 

fOO -j^ 



lim / tr({l-P,)o{DM,ee 
Proof. By Proposition 12. 4^ we may write 



-tD 



M,e o 



{l-P,)]dt = rj{Df) 



because Pq projects onto the kernel of D^g . 

We rewrite the integral on the left hand side in the Proposition as 

/ -j= tr ( (1 - P,) o [Dm^s e-*''^^-) o (1 - P,) 



■Kt 



ti[{l-Pe)o(e-^DM,e e 



dt 



^) o {I - P,)) dt . 



Using dominated convergence, we will show that this integral converges 
to r]{Df) as e ^ 0. 

For t > and each integer /c > 0, we define two holomorphic functions F^^, 



F^ ^ : C ^ C with 
d'' 



dz^ 

Then obviously 



Ft{z) = ze-''' 



and 



lim F^,(z) = . 



(2.13) 
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By holomorphic functional calculus, 

(1 - Pe) o [e-'DM,e e-*^"'^«-) o (1 - 



z e 



■ dz 



-k-i 



27ri Jr+ur^ z - e DM,e 



dz 



(2.14) 



dz 



A similar expression holds for 

Df e-*(^B )^ = (1 _ o (^Df e-'^^B?^ o (1 - Pq) • 

By the Holder inequality, \\XP\\-^ < \\X\\p. We choose k > dimM + 1. By 
Proposition 12.91 ([2]) and ([3]), there exist constants C varying from line to line 
such that 



^ / F^^,iz){{z-e-^DM,s)-'-'-{z-Dfr'-')dz 

k 



[z - e-' DM,e) - {z - D'§ 



CO 



(z - Z)f 



k-j 



(2.15) 



dz 



<Ce ! F^^{z) dz . 

A similar estimate also holds for the integral over r_. Equation (|2.15p clearly 
implies that 

limjrf (1 - Pe) o {e-^DM,e e"*"''^«>^) o (1 - 



= tr(z)|ffe-*(^^^)') . (2.16) 
Let fj, denote the arc length measure on T. Using (I2.13P and ()2.15p . we 



estimate 



(1 - Ps) o {e-'DM,e e-*^-^^M.) o (1 - P,) - [Df e'^^^f)' 



< Ce 



F^,{z)z'+' df,{z) 



<Cet-^-^ I F^^{Viz)-{Viz)''^' dfi{z) (2.17) 



-ct 
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Choose < a < t:^^- For e° < t, (l2T7l) implies 



Vt 



k+2 

cff\2 



^ (1 - Ps) o (e-'DM,ee''^-''''-'A o (1 - P,) - (Z?|f e-W) 



Because t occurs with positive exponent in the last line, the integral of the 
right hand side above over (0, oo) converges, and we may apply dominated 
convergence and (j2.16p to complete the proof. □ 

2.g. The very small eigenvalues. We now want to estimate the contribution 
of the finite dimensional vector space imP^. The operator Piroe~^DM,e°Pe de- 
pends holomorphically on e, so its eigenvalues are given by analytic functions 
in e. In particular, we may choose Eq in section [2x1 such that 

dimker(Pe o e~^DM,£ o Pe) = dimkeri^M.e 

is constant for all e G (0, Eq]- By Proposition 12.61 ([I]), we have A,^(e) = 0(e), 
and by the above, the sign of Ai^(e) does not change on (0, eo]- 



2.11. Proposition. For < e < Eq, we have 

[•CO 1 , 2 \ " 

hm / ^ tr o [Dm^s e-*^A^^O ^ Pe) dt = V sign(A,(e)) . 



dim ker -D^ 



Proof. We have 



^ ti ( P, o( Dm. e-'^^'^' A o PA dt 



Q-2 ^/^^t 

= [ ^ trfp, o {E-^DM,e e-''~'^Mr.) o P,) dt 



dim ker Dl 



y r^e-^'-^^^^'dt 



u=l 
dim ker D^^ 



sign(A,(e)) + 0(e2) . □ 



2.h. Short time convergence. Let a > denote the constant introduced in 
Proposition 12.101 and consider 

/ ^ tr(p»Af,.e-*^M^^)dt . 

We treat the limit of this integral as e — )• as in [3] and . Over the singular 
strata of P, we get additional contributions involving equivariant r/- forms, see 
Definition 11.71 of the orbifold r/-forms. 

2.12. Proposition. For a > sufficiently small, we have 

lim / -= iT(DM,e e'^'^'A dt = / Akb{TB, V^^) 2?7ab(A) . 
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Proof. We introduce an exterior variable z that anticommutes with the Chf- 
ford multiphcation c and is parallel with respect to V^'"^ for all e. In analogy 
with ()2.5p . consider the connection 

V^'''' = V^'' - zc{-) . 

We will use the (7j^-orthonormal frame e| of (jl.Sp . Then as in ()2.6p . the 
Bochner-Lichnerowicz-Weitzenbock formula implies 

i,J 

Define tr^ as in the proof of Proposition 12.41 then as in (12. 7p . 

tr(z)M,ee-*^-^^) = \ tr,(e-*(^-.^-^^"-)) . (2.18) 
Prom now on, we assume that t < e""2 foj. 

some small a > 0. We fix g G 5 
and choose an orbifold chart tj:: p{V)\V U C B with q = ip{0) and a local 
trivialisation ip: r\{V x X) — )• p~^{U) as in Definition 11.21 We assume that ip 
defines geodesic coordinates, and that is the trivialisation by horizontal lifts 
of radial geodesies. By parallel transport along these geodesies with respect 
to V^'^, we also identify E\p-i(^y-j with E\x x V. 

As explained in [lOj, section 3.1, to compute the z-trace of the heat kernel 
over q, we may assume that V = R"^"", and that outside a suitably large 
compact subset, the metric on V is fiat and the geometry of the fibration is of 
product type. It is possible to perform all these modifications in a P-invariant 
way. 

Let V denote the ^/-coordinates of a point in V x X. As in [3j, we consider 
the operator 

In the trivialisations above, let 

ke^t{{v,x), {v',x')): E^i E^ 

denote the heat kernel of the operator e~^^'* on y x X. The corresponding 
heat kernel ke^t on P\(V^ x X) then lifts to 

[v',x']) = '^ke,t{{v,x),'y{v',x')) 07: E^> E^ . 

■yer 

Thus, we have 



tTz{k£,t{[v,x], [v,x])) = '^trz{ke,ti{v,x),'y{v,x)) 07) 

7er 



tr. {ksAiv, 3;), 7(7;, x)) o 7) d{v, x) (2.19) 
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We will consider the contribution of each 7 G F over V to the overall trace 
of e^*^^'*^'^^^'^^^'^-' separately in the limit e — t- 0. Moreover, 

Jr\{VxX) 

because each point [f , x] G r\(y x X) has #r different preimages in y x X. 

For a fixed 7 G T, let C F denote the fixpoint set of 7, which is a linear 
subspace of V . Let A^-y denote its orthogonal complement. Because we have 
assumed that B is orientable, dimX^ is even. Put 

= m — dim . 

The action of 7 on E\x can be decomposed as 

^ = ^E/SB^~SB (2.20) 

such that 7'^^ is an element in the Clifford algebra of and ^^/^^ commutes 
with Clifford multiplication with horizontal vectors, and this decomposition is 
unique up to sign. 

As e — )• 0, we will rescale u G F by a factor e^/t. We will apply Getzler 
rescaling hy e^/l only to Clifford multiplication with elements of V^, whereas 
Clifford multiplication with elements of N^y and TX will not be rescaled. Let us 
denote the complete rescaling by G^.e- In particular, the action of 7 commutes 
with G^^e- 

We choose the basis in section [2Tal such that /n+i, • • • , fm^ are tangent to V^. 
Let denote exterior multiplication with For / G {1, . . . ,m}, define 



c/ if 1 < / < n or < I < m, and 

Bismut's Levi-Civita superconnection can be defined as the operator 

iaf} 

Then as in [3], we can compute the limit of the rescaled operator H^^t as 



lim G^,e(F£,t) = -d Ve, + - Y ^iJKlJ-IfJ'J " t'^zCi 

J,K=1 

d 1 / Ri \ 



1 ^ 2 



(2.21) 



i,J=i 



, o dAt\ f d 1 / \ 
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Both operators on the right hand side have coefficients in A'iy^)*. The oper- 
ator + tz acts on T(E ^ X) and commutes with Chfford multiphcation 

by horizontal vectors, while + | (^R^\v^ea,v))'^ acts on Q*{V). 

Let SB be a local spinor bundle on V, then there exists a fibrewise Dirac 
bundle W ^ M as in (jl.lip . We continue as in [3] , using the heat kernel proof 
of the equivariant index theorem in order to conclude that on V x X, 

li./- t,fe((...,..(.,.))o.).K., 



VxX 

tTsB{kv{v, iv) o 7^^) (2^z)-4^ tr,,H/ i^t ^ e*? 7^/^^) dv 



A,sB {TV, V^^) (2vrz)-^ tr,.v. f 2i ^ e*? 7^/^^) . 



From (j2.19p and the above, we obtain 
linj t.,(.„,([...], [„,.])) 



£-S>0 



r\(yxx) 



= ^ E X, 4- (J-V. V"') (2Ti)-^ tr,.,v (2* ^ 7'^/'"') 

(7) 

in analogy with the index computations in [23j. By (j2.18p and the above, we 
have the global formula 



lim iT\^/t Dm e e 



By Theorem 3.1 of [10], we have uniform convergence as e — t- 0. By (11.12P and 
Definition II. 7|, 

hm / -= tr (DM,.e"*^"-= l) dt = / A^b {TB, V^^) 2r?Aij(A) . □ 
^^ojo VTTi ^ ^ Jab 

2.13. Remark. We replace the vector bundle E hy E ®p*W, where — >• is 

a vector orbibundle. We also assume that the twist connection sj{^®'P*W)/Sfl 

splits as the tensor product connection of S/^l^'^ and p*V^ in the limit e — )• 0. 

A relevant special case is the case of the signature operator on M, where the 

(local) spinor bundle of B plays the role of W . In this case, equation (j2.2ip 

becomes 
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This implies that now, 



Urn / ^= tr L>Af £6 7 



Jab 



3. The Spaces Pk and M(p__g_) 

We consider the family M(p_ of manifolds with a cohomogene- 

ity one action of G = Sp(l) x Sp(l) that are described in [191 chapter 13]. 
This family contains the spaces Pk = Af(i,i),(2fc-i,2fc+i) ^ '^sll as the Berger 
space SO(5)/SO(3) = M(3 i) (i 3). The manifolds are two- 

connected with finite cyclic third homotopy group, so by and |9j, it suffices 
to compute the Eells-Kuiper invariants and the modified Kreck-Stolz invariants 
for quaternionic line bundles of [9] to determine the diffeomorphism type. 

3. a. Construction as Manifolds of Cohomogeneity One. Let 

and be two pairs of relative prime positive odd integers. We regard 

the subgroup 



f / q--p- \ / Q+-P+ 

H=[±{l,l),±(i,{-1) 2 ij,±(^j,{-l) 2 j 



/ q-+q+-p--p+ \ -1 

± [k, (-1) 2 k) I c G = Sp(l) X Sp(l) , (3.1) 

which is isomorphic (in fact conjugate) to the diagonal subgroup AQ, with 

Q = {±l,±i,±j,±k} cSp{l) . 

If a G 5^ C H is an imaginary unit quaternion and p, q are relative prime 
odd integers as above, we consider the subgroup 

Cm = { ie'^'"', e"^'') I ^ e M } C G = Sp(l) x Sp(l) , 

, a{2l + l)TV , 

which is isomorphic to S . For an odd integer 21 + 1, we have e 2 = (— l)'a. 
This implies that 

{±(a,(-l)'^a),±(l,l)}cC(';,,g). 

We put 

K-=Cl_^^_yH and K+ = Ci^^^y-H C G. (3.2) 
Then in particular H = Pi Kj^, and we have isomorphisms 



and = Cl^^^^^ U (z, (-l)'^i) C^^^^^^ - Pin(2) 

The actions of K± on = Kj^/H = K_/H are M-linear. 
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We now consider the cohomogeneity one manifolds M(p_ with 
group diagram 

G 

\ 

^ Pin(2) ^ K+ . (3.3) 

\ / 
H 

Thus, the generic G-orbit takes the form G/H = x RP"^ /{Z/2Z)'^ , and the 
two singular orbits are of the form M± = G/K±. We will study the geometry 
of in section H 

3.1. Theorem (|19j. Theorem 13.1). The manifolds M = M(j)_^q_-^^(^p^^q^^ 
are two- connected. If p-qj^ = ibp+g_, then H^{M) = H^{M) = TL, other- 
wise H^{M) = and H'^{M) = Z/kZ with k = . 

3.b. The t-invariant. In this section, we want to determine the homeomor- 
phism type of the spaces P^- 

In [7], Crowley has constructed a quadratic form qM- H^{M) — )■ Q/Z for all 
two-connected closed topological seven- manifolds with finite H^{M) satisfieing 

lkM(a, b) = quia + b)- quia) - quib) 

and IkA/ [a, ^■{TM)^ = quia) - qui-a) 

for all a, b £ H'^(M), where ^ denotes the natural refinement of the first 
Pontrijagin class pi for spin manifolds. Note that two quadratic forms with 
the properties above differ by the pairing with an element of Hi{M;Z/2Z). 
Crowley has then proved that two such manifolds Mg, Mi are homeomorphic 
(in fact almost diffeomorphic) if and only if (ii'^(Mo), quo) and (i?^(Mi), qui) 
are isomorphic. 

In analogy with the Kreck-Stolz invariants S2 and S3 of [25], Crowley and 
the author have defined an invariant t^iE) £ Q/^ for a two-connected smooth 
closed seven-manifolds M and a quaternionic line bundle E ^ M, such that 

qM{c2{E)) = 12 tM{E) . 

For each cohomology class a G H'^{M) of such a manifold M, there exist quater- 
nionic line bundles E ^ M with C2{E). We will thus compute tM{E) for suf- 
ficiently many quaternionic line bundles E ^ M m. order to determine the 
diffeomorphism type of the spaces M = P^. 

Let us recall the intrinsic definition of tM{E) in [9j. We assume that E 
carries a quaternionic Hermitian metric and a quaternionic Hermitian con- 
nection V^. Then there is a natural representative C2{E,'V^) E 0^(M) 
of the class C2{E). If Hl^^{M) = H^i^{M) = 0, there exists a differential 
form C2{E,V^) G n'^{M) such that 

dc2{E,V^) =C2{E,V^) en\M) , 
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and C2(i?, V^) is unique up to an exact form. Let D and denote the un- 
twisted Dirac operator on M and the Dirac operator twisted with [E, , V^), 
and let h{D) = dimkerD. 

3.2. Definition ([9J). For a quaternionic hne bundle E' — >■ M on a compact 
oriented seven-dimensional spin manifold M with H^j^{M) = 0, put 

tMiE)=^^{Df,)-^^iDM) 



Ya //y(™>v™)+c2(i?,v^))c2(i?,v^ 



G 



3.3. Theorem. Assume that p_ and p+ are relatively prime. Then there exists 
an isomorphism -?^^(M(p_ = Z/fcZ such that Crowley's quadratic 

form (7m (^) for £ £ Z/kZ is given by 



This theorem will be proved in section 14. i[ 

3.4. Remark. More generally, suppose that a = {p^,p\) and b = {q^,q\) are 
the greatest common divisors. Because p- and q_ are relatively prime, so are a 
and b. Moreover, clearly a\k and b\k. 

The proof of Theorem 13.31 gives a formula for qui^) if G H^{M) by 
identifying the class i with a class pulled back from the base of the Seifert 
fibration p: M ^ B considered in Proposition 14.11 Swapping the roles of the 
ps and qs gives an analogous formula for qM{() if G H'^{M). 

To see that these two formulas determine qm uniquely, for each £ G H'^{M) = 
TLjriL we find x, y £ 7^ such that 

£ = xa'^ + yb^ . 

Because q refines the linking form, we have 

qui^) = quixa^ + yb^) = quixa^) + quiyh^) + a^b^ lk(a:, y) 

= quixa^) + quiyb^) + qM{ab{x + y)) - quiabx) - quiaby) , 

and each of the terms on the right hand side is computable. The main difficulty 
consists in determining the respective classes in the two base orbifolds. 

3.5. Example. We consider the special case Pk = Af(i,i),(2fe-i,2fe+i) and obtain 

Ak(k-l)+£{2k-lf £ iU-k) 
qM{e) = i — - 2 = -\r^ "^od ^ • (3-4) 

We compute 

lk(i, j) = qnii + j) - qhiii) - qM(j) = j (3.5) 

which proves that the linking form on H'^{Pk) is standard and that the class 
represented by ^ = 1 is a generator. We also see that '^{TPk) = because 

\k(^{TM),£^ =qM{-£)-qM{f-)=t = ^ mod Z . (3.6) 
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3.C. The Eells-Kuiper invariant. The Eells-Kuiper invariant /i lias first been 
defined in |14] for certain manifolds using zero bordisms. It distinguislies all 
exotic spheres in dimension 7. Crowley has shown in [7J that two homeomorphic 
two-connected closed smooth seven-manifolds with finite H"^ are diffeomorphic 
if and only if their Eells-Kuiper invariants agree. 

We will use the intrinsic description of /u(M) by Donnelly [12] and Kreck 
and Stolz [25]. Let M be an oriented spin Riemannian seven- manifold 
with H^j^{M) = H^j^{M) = 0, and let Dm denote he untwisted Dirac op- 
erator on M. Let Bm denote the odd signature operator, acting on rj*^™°M. 
Let pi{TM,'V^^) denote the first Pontrijagin form of M, then there exists a 
form pi{TM, V™) E Q^{M) such that 

dpi {TM, V™) = pi {TM, V^^^) , 

and pi{TM, V"^*^) is uniquely determined up to an exact form. Following [25], 
the Eells-Kuiper invariant of M can be computed as 



MM) = ^Pm) + ^(Sm) 



^ / (mApi)(rM,v™) eQ/z. (3.7) 



27 . 7 

We will use Theorem 10.11 to compute the 77- invariants in equation (|3.7p . 
Again, we make use of the Seifert fibration M ^ B discussed in Proposi- 
tion 14.11 below. In analogy with the classical Dedekind sums occurring in the 
study of quadratic forms, we consider a particular family of sums over rational 
functions in sines and cosines. These sums represent the contribution of the 
twisted sectors of B to /^(M(p_ g^^). 

3.6. Definition. If g G N are odd and relatively prime, define the generalised 
Dedekind sums 

P-^/ Ucos^ + cos^gf g cos 2^ (14 + cos ^) \ 
D{p, 1>-Z^ \ 24.7p2 sin^^^sin^a^ ^ 25-7^2 gin ^ sin^ j ' 

a=l \ P P ^ P P / 

We will give explicit formulas for some of these sums in the next subsection. 

3.7. Theorem. We have 

/^(^(p_,g_),(p+,g+)) = ^^^^^^^ + D{p-,q^) - D{p+,q+) 

{pI - plf 2\pI - pi) + {qlpl - qlpl) 



2"^ ■ 1 plp\{qlp\ - q\pV) 2^-7p'ip% 
This theorem will be proved in section 14. h[ 



3.8. Corollary. Assume that p and q are odd and relatively prime. Then there 
is a duality of generalised Dedekind sums 

n( ^ 2^ + 2\p^ + q^) + {p^ + q^) , 7 
D{p,q)+D{q,p) 2^ • 7p^q^ + 2^ ^ 
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Proof. Swapping the ps and qs in both pairs {p±,q±) corresponds to chang- 
ing the orientation on M, hence the Eells-Kuiper invariant changes its sign. 
Let A{p, q) denote the expression in the Corollary, then by Theorem (j3.7p . 

A{p^,q^) - A{q+,p+) = /i(M(p_,g_),(p^,g^)) + /x(M(g_^p_)^(g_^^p^)) E Z . 

Because we can choose the pairs g_) and g+) independent of each other, 



p+ 

Z. □ 



subject only to the relation 2— ^ it is enough to check that ^(1, 1) = G 



3.d. Some Examples. Some of the manifolds are diffeomor- 

phic to well-known spaces by Grove, Wilking and Ziller [TO]. In this subsection, 
we make sure that our computations above agree with other computations of 
the invariants. 

Let us denote by Ep^n the unit sphere bundle of a fourdimensional real 
vector bundle V ^ S'^ with Euler class n = e{V) and half Pontrijagin 
class p = "^iy) G Z = //^(S^). Such a bundle exists if and only if n and p are 
of the same parity, and is unique up to isomorphism in this case. It is known 
that ^{TEp^n) = p G Ij/nL = H'^{Ep^n)- The bundles Ep^n and E^p^n are 
oriented diffeomorphic, and E±p^n and E±p_n are orientation reversing diffeo- 
morphic. By [9, Proposition 2.6] and [8], we know that 

QEa^) = ^-^^ and ^,iEp,,) = ^^. (3.8) 



Note that Crowley and Escher in [8] use the parameters n = k and m 



p—k 



3.9. Example. If p+ = p_ = 1, then the base B is the manifold S^, represented 
as the unit sphere in the space of real trace- free symmetric endomorphisms of 
with its natural SO(3)-action by conjugation. The manifold M is a principal 
5^-bundle over 5^, and the induced M'^-bundle V ^ B has Euler number 

e{V)[B] = k='^—^ GZ 

by (|OTD below. 

Because M is a principal bundle, we also have ^^ = zizk. By [9], the q- 
invariant is given by 

_ i{k + i) 
- -^k- ' 

which agrees with Theorem 13.31 

The formula for the Eells-Kuiper invariant reduces to 

sign(g2 - ql) ql-ql _ sign e(y) [B] - e{V) [B] 

- 28 • 7 ~ ' 

which agrees with the computations by Crowley and Escher in [8]. 

3.10. Example. By [19j, the space -/Vf(3^i)_(i^3) is diffeomorphic to the Berger 
space B^ = SO(5)/SO(3). Kitchloo, Shankar and the author computed the 
Eells-Kuiper invariant of this space in [T7| and obtained 

^(5^) = , 
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which agrees with Theorem 13.71 

In |17j . we concluded that M with reversed orientation is diffeomorphic to 
an S'^-bundle over 5^ with Euler number 10 and half Pontrijagin number 8. By 
Theorem 13.31 we find 



l{2 + 9^) i{2 + M) + l £(8 + 1) 

9^(3a,,(l,3) (^) = = — = ^ ^ 



which agrees with [9j, see (|3.8p above. 

3.e. The Spaces P^. It is shown in [19j that among the ^^-j, only 

the Berger space M(3 i) 3) and the spaces 

Pk = Af(i,i),(2A:-l,2A:+l) 

can carry a metric of positive sectional curvature. So far, such metrics have 
been found on Pi = S"^, the manifold P21 and the Berger space. In this sec- 
tion, we determine the diffeomorphism type of the Pk- In particular, we prove 
Theorems [OH [Ol and Corollary [031 

We start by evaluating the Dedekind sums of Definition 13.61 For q = p + 2, 
these sums simplify as follows. 

i4cos^ +cos2 2^ (p + 2)cos^(l4 + cos^)\ 
D{p^P + 2) = 1^ (^24 . 7^2 gin2 4^ gi^2 2^ + 25 . 7p2 sin ^ sin3 2^ j 

1 ^/ 15 1^ 

~ 24.7p2 2^V4sin4— sin^ ^ 

a=l P P 



I P + 2 15 



25 .7p2 Z^\^2sin4^ 2sin2 2™ 

■f^ a=l ^ p p 

_ 15{p + 3) 1 p + 30 ^ 1 

~ 26 . 7p2 ^ sin^ 2^ ~ 25 . 7p2 ^ gin^ ^ ' 

As Zagier pointed out to us, the sums above can be computed by substi- 

47ra 

tuting z for e p . Because the resulting rational function in z vanishes to 
sufficiently high order at z = 00, we obtain 

p-1 



1 p f i-^zY p 1 

A. gin2£ 2^ ^es,=c ^ _ i)2£ • _ 1 • ^ 



= - Res^=i 
For i = 1 and 2, we obtain 



-AY pz^-^z-l] 



{Z - 1)2^+1 zP - 1 



^"^ 1 r,2 
a=l P 
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We combine the above and find that 

15(p + 3) p4 + 10p2_ii p + 30 p2 



D{p,p + 2) 



26 . jp2 45 25 • 7p2 

(p2 - l)(p3 + + 9p - 27) 



26. 3 -7^2 

Proof of Theorem \0.2l With Theorem 13.71 and the above, we compute 
/-(^(i,i),(P,P+2)) = + + Dil, 1) - Dip,p + 2) 

(p2-l)2 24(p2_l) + (p2_(^ + 2)2) 



22.7p2(p2_(p+2)2) 28 -7^2 

1 (p2_i)(p3_^3p2_^9^_27) 



25-7 26 . 3 • 7p2 

(p2_l)(p_l) 4(p2 _ 1) _ ^ 1) 



+ 



24.7p2 26.7p2 

+ 3 p2 — 4 p 

= - « G Q/Z . 

26 . 3 . 7 

With p = 2/c — 1, we have 

fi{Pk) = ^(M(i,i),(2fc_i,2fc+i)) = - ^^25~3^^^ ^ '^/^ ■ 
We also compute qp^. using Theorem 13.31 as 

^ '^^ ^ 2fe 2 2k ^' 

Having computed the EeUs-Kuiper invariant and Crowley's quadratic form q, 
we can now compare the spaces with the principal S'^-bundles E'/j^^ over S"^. 

Proof of Theorem \0.3[ By [7] , highly connected seven-manifolds are classified 
up to oriented diffeomorphism by their Eells-Kuiper invariants and the qua- 
dratic function q on H"^. These invariants have been computed for E^^k in [H] 
and [9], see 

By Theorem 10.21 ^ and equation (j3.8p . the quadratic forms qp,^ and qE^ ^ 
are isomorphic. Hence, the spaces P^ and E^^k are homeomorphic, and even 
almost diffeomorphic. 

Comparing the value of fi{Pk) from Theorem 10.21 ([T|) with (j3.8p . we find 

//(Ffc) ^(£fc,fc) - ^5 . 7 25 . 7 ~ 25 . 7 ~ 6 '28 

with G Z. Because both g and /i are additive under connected sums 

and gs-, is trivial whereas /^(Sy) = ^5 we conclude again by [7] that Pk 



L fe-fe' 



3 



and E'fc^fc # are oriented diffeomorphic. □ 

3.11. Remark. Grove, Verdiani and Ziller have already observed in ^18j that P2 
is homeomorphic to the unit tangent bundle TiS^ of S^. The group Sp(l) 



ADIABATIC LIMITS OF SEIFERT FIBRATIONS 35 

acts with isolated fixpoints on 5^, so this action induces a free action on TiS"^, 
hence TiS'^ is diffeomorphic to i?2,2- Of course, this fits with our result above. 

Proof of Corollary \0.4\ We start with case ([1]). We already know that Crowley's 
form q for is the quadratic form of the principal sphere bundle E^ f^ — ?■ S^. 
This implies that the Pontrijagin number of a sphere bundle Ep^^ homeomorphic 
to Pfc must be of the form p = ak with a odd if k is even, see equation (|3.8p . 

It thus remains to solve /^(-Pfc) = ^^{Eak,k) ^ Q/^ depending on p = ak. 
By we know that 

W = 2 

In other words. 



l^{Eak,k) - KPk) = 25. 7. k 2^T^ = 25.7' "^""^ 



. 7k -4k^ 

a^k = mod 224Z . 

3 

It suffices to solve this equation modulo 7 and 32. 

Modulo 7, the equation is trivial if l\k. Otherwise, we can clearly solve 

2 _ 7 k^ _ ^2 mod 7Z . 

3 

Modulo 32, we start with the case that k is odd. Because 3 x 11 = 1, we 
have to solve 

^2 _ 7-4fc ^ ^7 _ 44^2 = 13 _ i2/c2 mod 32Z . 
3 

The right hand side equals 1 mod 8 and hence is a quadratic remainder mod- 
ulo 32. Next, if k is even but not divisible by 8, then we would have at least 

= 77 :^ 5 mod 8Z , 

but 5 is not a quadratic remainder mod 8. Finally, if 8|A;, we can clearly solve 

= 1 mod 4Z . 

In particular, if k is even then a will be odd, so the quadratic forms q agree as 
well. This settles ([T]). 

In case ([2]), let n = A; be as above. Then p = ak because we still have 

Ikp, (6, p) = qp^ (6) -qp^{-b)=0 G Q/Z 

by Theorem lOD ([H). We will first try to solve n{Pk) + n{Eak,k) = G Q/Z. We 
find that 

224{^{Eak,k) + KPk)) = a\ + 2 mod 224Z . 

Modulo 7, there is no solution if 7\k. On the other hand, a case-by-case check 
reveals that 

2 7 - 4A;2 2 ,2 , 

= k mod 7Z 

k 3 k 

is a quadratic remainder for k G {1,...,6} mod 7. Thus, a solution mod 7 
exists if and only if ()2ap is satisfied. 

Modulo 32, if k is odd, we have k^ = k modulo 8. Hence we have to solve 

a^A; = 2 - 13 A: -M2 /c^ = 2 - /t mod 32 . 
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The inverse of k = M ±1 mod 16 is —41 it 1, hence we obtain 

a"^ = -8i±2-l mod 32 , 

which is a quadratic remainder if and only if = 4^ + 1 = 1 mod 4. If /c = 21 
is even, then 12k^ = mod 32, and we are left with 

a^£=l-13i = l + 3i mod 16 , 

and i has to be odd. The inverse of i = ±1 + 4m is ±1 — 4m, and 

= ±1 - 4m + 3 

is a square if and only if £ = 1 + 4m G {1)5} modulo 16, hence k £ {2, 10} 
modulo 32. This gives ()2bp . 
Finally, we have 

-lki.„,,,=lkp,(6-,6.) 

for some b £ Z/ZcZ if and only if 6^ = —1 mod k. Because the half Pontrija- 
gin forms vanish and the topological Eells-Kuiper invariants satisfy 28^(Pfc) + 
28iJ,{Eak,k) G Z by the above, it follows from |7J that then the quadratic forms q 
are isomorphic as well. Thus by [7], there exists an orientation reversing diffeo- 
morphism Eak,k ~^ Pk if and only if the conditions ([2]) hold. □ 

3.12. Example. (1) We have Pi = S^, which of course fibres over S^, inde- 
pendent of the orientation. More precisely, Pi is diffeomorphic to Ea^i 
if and only if 



G 



224 

that is, if and only if a G {±1, ±15} mod 112. 

(2) There is an orientation reversing diffeomorphism from P2 to -£4,2- In- 
deed, 

3 1 

9P2(1) = I = -9i?4.2(l) and = -— = -/x(^4,2) e 

More generally, P2 is orientation reversing diffeomorphic to -^20, 2 if and 
only if o = ±2 mod 28. 

(3) There is an orientation preserving diffeomorphism of P3 with -£51, 3 be- 
cause 

^(^3) = -^^^ = ^(^51,3) G m ■ 

More generally, P3 is oriented diffeomorphic to E^a,2, if and only if a = 
±17, ±31 mod 112. 

(4) For = 4, there exists no diffeomorphic sphere bundle, regardless of 
the orientation. 

(5) For k = 5,we have oriented diffeomorphisms with E^a,5 if and only if a = 
±33, ±47 mod 112. We also have orientation reversing diffeomorphisms 
with E^a,5 if and only if a = ±11, ±53 mod 112. For example, 

156 _ 5444 

^^^^^ " "224 = W"™^^ 
604 

= = -^^55,5) niod Z . 
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Because —1 = 2^ is a quadratic remainder mod 5, we can compare the 
quadratic forms in the latter case and find that 

2£(2£-5) _ e{£-55) 
m{^n = ^ = ^ = -9£55,5W modZ. 

4. Computation of the invariants 

We write the spaces as Seifert fibrations so that we can apply 

Theorem 10.11 to compute their Eells-Kuiper invariants and f-invariants. 

4. a. Description as a Seifert Fibration. Recall the construction of the 
spaces M = A^{p_,g_),(p_,.,g_,_) as manifolds of cohomogeneity one with group 
diagram (j3.3p . with the groups H and K± C G = Sp(l) x Sp(l) described 
in dsn) and 

The subgroups Sp(l) x {e} and {e} x Sp(l) C G act freely from the left on 
the generic orbit G/H. We focus on the group L = {e} x Sp(l) and consider 
the quotient map 

M — > B = L\M . 
The group L acts on the singular orbits G/K± with finite stabilizer 

LgK± = Ln gK±g'^ = gT±g'^ C L , 



at the point gK± G G/K±, where 

r_ = (7_) ^ Z/p^Z with 7_ = ( l,e"">- ) G K_ 



and r+ = (7+) ^ Z/p+Z with 7+ = ( l,e^''^P+ ) G Kj, 



(4.1) 



The quotient L\M has a cohomogeneity one action by the group S0(3) = 
Sp(l)/ ± 1. It is induced by the action of Sp(l) x {e} C G on M, with group 
diagram 

S0(3) 
/ \ 

piK. ^ 0(2) ^ piK+ . (4.2) 

\ / 
PiH 

Here pi denotes the projection 

G = Sp(l) X Sp(l) (Sp(l)/{±1}) X {e} ^ S0(3) . 

In particular, piH ^ Q/{±1} = {Z/2Zf is the sub group of diagonal matrices 
in S0(3). 

If a is an imaginary unit quaternion, let S"^ C Sp(l) denote the one-parameter 
subgroup generated by a. Because 

piK^ = {S} + iS})/{±l} ^ 0(2) and piK+ = {S] + iS])/{±l} ^ 0(2) , 

the singular orbits of B are given by 

B± = L\M± ^ SO(3)/0(2) ^ _ 



38 SEBASTIAN GOETTE 

We want to understand the geometry of p : M ^ B near the singular orbits. 
The action of on = K^/H extends to C D S"^ by 

[e'P-^,e''''^)z = e^'^z and [e''''^ e''^-^ j^z = e^'^ z , (4.3) 

and there is a similar action of on C. Thus, the singular orbits M± = G/K± 
have neighbourhoods M \ Mzp diffeomorphic to the normal bundles 

N±=Gxk±C — > G/K± . (4.4) 

For the generator 7-1- G T± of (|4.ip . we have the angle = |^ in (14. 3j) . So 7± 

acts on the fibre of N± by multiplication with e ''± G /Xp^ , where ;Up^ denotes 
the group of p±th roots of unity. 

Projecting down to -B, neighbourhoods of B± are given by 

i?\S^^S0(3) xo(2)C/^p± , (4.5) 

where the action of 0(2) = {S} U j5/)/{±l} on C/ fip^ is given by 

± e*'' : z ^ e^'^z and ± e^'^j : z ^ e^'^z . (4.6) 

We fix an origin o = (piK^) in and consider a path (^j from gQ = e to gi = 
{ibj} E 0(2), then gto describes a nontrivial loop in i?_ = MP^. The stabiliser 
of gto S -B- is given by gT^g~^, and a get a path of generators j-^t = 9tl-9t^^ 
from 7_ = 7_^o to 

7-,i = (l,je2-«-/P-(-i))=7Z,'o- 

We conclude that the twisted sectors of B are diffeomorphic to the universal 
covering spaces B± = of B±. Let us summarize our results so far. 

4.1. Proposition. The map p: M ^ B = L\M is a Seifert fibration and a left 
Sp{l) -principal orhihundle. 

The inertia orbifold KB of the base orhifold B is diffeomorphic to 

ab^bu(b.Ji,....E^])u(b,Ji..../-±^\). (1) 



Elements {p, (7^)) G AB \ B are represented by {p,£) G B± x {£} with ±k = £ 
mod p± and £ ^ {l, . . . , } ■ The components B± x {k} have multiplicity 

"^(7±) = #r±=p±. (2) 

In a suitable orbifold chart around p, the element 7^ acts by 

Pill) = L sl^ I e U(2) , (3) 
\0 e p± y 

and the fibrewise action on is conjugate to 

e'^^^S G Sp(l) . (4) 
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Proof. From the discussion above, it is clear that p is both a Seifert fibration 
and an Sp(l)-principal bundle, where the group L = Sp(l) acts from the left. 
Assertion ([T]) follows from the considerations above, and ^ follows from the 
definition of multiplicity in (jl.2p . 

We construct an orbifold chart by taking a neighbourhood of p in B± = MP^ 
that is diffeomorphic to C with trivial action of 7^. The normal bundle of B± 
in B is represented by another copy of C on which 7^ acts as in (|4.6|) . This 
proves dSI). Finally, the action of 7^ on follows from ()4.ip and is conjugate 
to the expression in ([3]). □ 



4.b. The geometry of the Seifert Fibration. We want to study the met- 
ric structure on M and B. In particular, we want to derive formulas for the 
curvature of the horizontal and vertical tangent bundles of the Seifert fibra- 
tion M ^ B. By integration over B, we can determine the Pontrijagin num- 
bers and the Cheeger-Simons numbers that are necessary to compute the Eells- 
Kuiper invariant. 

Recall that as a cohomogeneity one manifold, we may write 

M = ([-1,1] X G/H) /~ . 

Let r: A/ — )• [—1, 1] denote the natural projection, and define a curve c: [—1, 1] 
^ M joining G/K. to G/K+ by 

c{t) = [t, eH] . 

We define G-invariant vector fields eo, . . . , 63 and fi, f2, fs on M\(M+UAf_) = 
r~^(— 1, 1) by specifying them along c. Therefore put eo(c(t)) = c{t) and 



e3(c(t)) 



d 




It 


t=0 


d 




m 


t=0 


d 




It 


t=0 



l){c{t)) 
,l)(c(t)) 



f-Mt)) 



d 




di 


t=o 


d 




di 


t=o 


d 




di 


t=o 



;i,e'*)(c(t)), 
;i,e^-*)(c(t)), (4.7) 



l,e'^*)(c(t)). 



We regard the vector fields cq, • . . , 63 as horizontal and /i, /2, /s as vertical 
fields with respect to the Seifert fibration M ^ B. All Lie brackets between 
these vector fields vanish except 



[ei, 62] = 263 , [e2, 63] = 2ei , [63, ei] = 2e2 , 

[/l, /2] = 2/3 , [/2, /3] = 2/1 , [/3, /l] = 2/2 . 

Let (p: [0,1] denote a cutoff function with ^\[o,e) = and ip\(^i- 



for some small e > 0. For x G M, let t = t(x), and define functions /, 
g: r-i((-l,0]) ^Mby 



/ 



4 + At- v?(-r) 
4 + (p_ - 4) • (/j(-t) 



and 



(4.9) 
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These functions satisfy 

4 

= — (1 +t) , /|(_£,o] = l, 

I- (4.10) 
= — , and g\{-efl\ = • 

Let be a G-invariant metric such that for t < 0, the vectors cq, 62, 63, 
/2 and /s are orthonormal and perpendicular to the subspace spanned by ei, 
/i, and such that on this subspace, g^^^ is given by the matrix 



9''''\s,.nieU.}=[' _7 l^J • (4.11) 

This metric extends to a smooth metric around G/K- = r~^(— 1) by Theo- 
rem 6.1 in [18]. The orbits of L = {e} x Sp(l) are ah quotients of round spheres 
with the standard metric. 

A (7'^'^-orthonormal frame on t^^{—1,Q\ is given by (eo, . . . , /s), where fi = 
fi and ei = Ci except 

ei = yei + |/i (4.12) 
By ()4.8p . the Lie brackets between the vector fields cq, . . . , /a vanish except 

[eo,ei] = -y ei + y /l , [ei,/2] = y/3, [ei,/3] = -y /2 , 

__2_ __ _ -__2_ 

[61,62] = yes, [62,63] = 2/ ei - 25/1 , [63,61] = y 62, 

[/i,/2]=2/3, [/2,/3] = 2/i, and [/3,/i] = 2/2. 

(4.13) 

For i > 1, we can proceed similarly. We extend / and 5 to r ^[0, 1) by 
4 + (p+ - 4) • (/?(t) 4 



such that 



4 

/l[o,e) = l, /|(i_e,i) = — (l-r) , 

fi'l[o,e) = , and 9\(i-e,i) = — ■ 



(4.15) 



We then modify the metric similarly, such that we obtain a (/-^^^-orthonormal 
frame eo , . . . , /s that differs from eo , . . • , /s only by 

- 1 f 

62 = y 62 + y 72 • 

Again, this metric extends smoothly over r~^[0,l], and it is also compatible 
along T~^(0) with the metric chosen above on t^^[— 1,0]. 
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4.C. Orbifold Characteristic Numbers of the Base Space. The base orb- 
ifold B = L\M has a principal cohomogeneity one action by S0(3), see (j4.2p . 
We define t: B ^ [—1,1] similar as above. Then we can describe t~^(— 1,1) 
as a product (—1,1) x Sp{l)/Q. The projection M ^ B becomes a Rie- 
mannian submersion with respect to an invariant Riemannian metric g^^ 
on (—1, 1) X Sp(l)/(5 that degenerates over {—1, 1}. 

By abuse of notation, let eo, • • • , 63 also denote the projection of the vector 
fields above to B, then these vector fields form a g-^^-orthonormal frame every- 
where, and their nonzero Lie brackets on r~^[— 1,0] are completely described 
by 



[62,63] 



f - 
2/ei , 



and 



[61,62] = y ^3 , 

[- -1 2_ 
[63,61] = y ^2 • 



The Christoffel symbols of the Levi-Civita connection on B with respect to 
these fields over r~^((— 1,0]) C B are given by 



^ 10 

23 



^ 11 



.r3 



21 



f ' 



^3 



and 



12 

n2 
31 



T.2 

13 
32 



2 
7 



/ 



those r,^- not listed above vanish. The Riemannian curvature tensor as a 4 x 4- 
matrix is given by 



R 



V 



_/_g0i+2/'e23 


/'e03_/2 
_/'g02_y2 gl3 



_/'e03+/2 gl2 


-2/'eOi-(4-3/2)e23 



/' g02+j2 gl3 
2/'e0i+(4-3/2)g23 




(4.16) 

with e*-' shorthand for e* Ae-'. Over r ^[0, 1), the matrix looks similar, but with 
the matrix indices and the form indices 1, 2, 3 permuted cyclically. 
The Euler and Pontrijagin forms are thus given by 



Pi{TB,V^^) 
and e(TB,V^^) 



f 



+ 4/7^-4/' e' 



;^0123 



1 

4^ 



Fi{R) 



1 

4^ 



er + 3/"/ 



4r 
/ 



(4.17) 



-0123 



The fibre WP^/{Z/2Zf over t has volume ^ f{t). By (liTSll . and KTH . 

we get the orbifold characteristic numbers 



/ ;.i(ri?,V^^) 

JB 



e(TB,V 



3f'{t)f{tf-4f'{t) 



IB 



16 



2 1 

t= 



t=-i 



-1 



pI 



P 



2 



1 1 
— + — 

P- P+ 



(4.18) 
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4.d. Characteristic Numbers of the Seifert 5'^-Fibration. The Seifert 
Fibration M — )• i? is a principal bundle with structure group Sp(l). Let TX = 
kerp^, denote the vertical tangent bundle. 

A connection u G Hom(TM, TX) acts as the identity on TX and is Sp(l)- 
invariant. It is uniquely described by its horizontal bundle M = kercj. We 
define uj such that 

T^M = span{eo, ei, 62, 63} , 
then by ()4.13p . its curvature Q is given by 

[ (~7 + ^^^) -^1 * ^ ^"•^ 
^~\(-§^e02-29e-i3)/2 foriG[0,l]. ^^'^^^ 

The Seifert fibration M — t- i? is the unit sphere orbibundle of the vector 
orbibundle 

V = M xsp(i) B . 

The vectors /i, /2 correspond to the elements i, j S sp(l) C H. These act 
on M ^ M"^ with Pfaffian Pf(i) = Pf(j) = 1, hence the Euler form of the 
connection \7^onV induced by lo is given by 

e{V, V^) = A A A (4.20) 

As in (|4.18p . integration over B gives the characteristic number 

s ^ ' 7-1 4 8 1—1 8pi 8pi ^ ' 

With these computations, we can now compute the first term in the adiabatic 
limit of formula p.7p for the Eells-Kuiper invariant. Recall that B = B x {e} C 
AB. 

4.2. Proposition. For the Seifert fibration p: M(p_ — )• B, we have 
i ^ Aab {TB, V^^) 2r/AB (D53) + ^I^^^B {TB, V^^) 2r/AB (1^53) 



1 



1 /g+ g- 

27.7 y^-V^'^ ; 210- 7 

Proof. Let y — )• i? be the induced vector bundle with connection as above. 
The ry-form of the untwisted fibrewise Dirac operator and the fibrewise signature 
operator are given by 

2rjAB{Ds^)\B = V^iDs.)=-^e{V,V'') 

and 2r]AB {Bss)\b = VJL (^53) = e{V, V^) G ^\B) 

by Theorem 11.111 and [15, Theorem 3.9]. 

Because both r/-forms are homogeneous of degree 4, we only need the degree 
zero components of A and L, which are given by 

i(Ti?, V^^)[°l = 1 and L{TB,V^Bf^ = 2^ = 4 . 
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From the above and ()4.2ip . we obtain our result because 

4.e. The Contributions from the Twisted Sectors. To compute the con- 
tribution from the twisted sectors, we need some equivariant characteristic num- 
bers and the equivariant r/- forms of the puhback of M to B±. Let (p, (7^)) G 
AB\B, let N± B± the normal bundle of B± = MP^ in B, and let N± denote 
its pullback to B±^ S^. 

In an orbifold chart, the elements 7^ for a = 1, . . . , ^^2^ 



2 

•ima- 



by multiplication with e p± e 5^ = S0(2), see Proposition O © • Be- 
cause F-i- = 'LjpjJL is an odd cyclic group, this action has a unique lift 
to Spin(2), represented by 

This lift provides us with a unique section of the bundle KB — t- KB of (|1.3p . 
All forms in i7*(Ai?; AS) and in 0,*{AB;AB (g) o(AS)) will be computed with 
respect to this lift and with respect to the orientation of B± = with volume 
form (P^ or e^^, respectively. 

The curvature R^- can be computed as the limit of {Reo, ei) |span{e2,e3} as i ^ 
-1, so by (|i36|) and (jiTO]) we have 



^ " ' -2/'e23 j ""^"^ 



with ei = ieo. The induced curvature of the spinor bundle at the origin is 



and similarly for By (ll.5p - (ll.7p . the orbifold ^-form on B x {a} C AB 
is represented by 



m(7^) ch^a (5+iV_ - S-iV_, V 

1 



(4.22) 



p_.2zsin(^(™ + ii)) 
A similar computation gives the orbifold L-form 
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We also need the equivariant r/- forms of GIb^^ — t- B±. We know by Proposi- 
tion [4T] (jl]) that 7± act on the fibres as 

-fl = e and 7+ = e , 

and the curvatures at B± are given by ()4.10p and ()4.19p as 

n. = /i and 0+ = ^ . 

We note that both the curvature and the action of T± are L- invariant, so both 
act from the same side on the generic fibre = Sp(l). 

We compute the mixed equivariant r^-invariant, from which we derive the 
orbifold r/-form of Definition 11.71 using Theorem II. Hi We use the formulas for 
the equivariant r/-invariants of the untwisted Dirac operator Dgs in [20] and 
of the odd signature operator Bg-i in \T\. On i?_ x {a} C AB, we obtain in 
particular 



r.e-^ 2sm2(i-(vra + f^)) 

and 2ri\B{Bs'i) = rj (553) = — cot^ ( ^ ( vra + 7^ ) 

e~ '^■Kt 



(4.24) 



We can now compute the contribution from the singular orbits M± to the 
adiabatic limit of the r/-invariants and the Eells-Kuiper invariant and relate it 
to the generalised Dedekind sums D{p, q) of Definition 13.61 

4.3. Proposition. The singular orbits M± contribute to the Eells-Kuiper in- 
variant by the generalised Dedekind sums 



+ ^LAB(ri?, V™) 2ijABiBs'^)^ = -Dip+,q+) . 

Proof. The twisted sectors B± x {a} are spheres of sectional curvature 4 
by ()4.16p . in particular, their volume is vr. We combine p.7p and ()1.13p 
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with g22D-(ira]) and find that 



B- \p- ■ 8^ . sin(^(vra + ^)) ■ sin2(f-(vra + ^ 

cot — vra + - — : • cot — vra + 



d_ 

dx 



1 i Q^x\ f f?'^ 

cot — cot 



8ip_ sinf^^ sin^ ^ 2^ • 7p_ p_ p_ y 27ri 



COS ^ + cos^ g_ COS ( 14 + cos ^ j 



+ 



2-^ ■ 7 p_ sm 2^ ^i- — 2^ ■ 7p± sm ^^^^ sm 



To obtain the first equation above, we note that the summands for a and p-—a 
in Definition 13.61 are identical. The second equation is proved similarly. □ 

4.f. Cheeger-Simons terms. For the computation of ^ -j g^)) us- 

ing formula (13. 7p . it remains to compute the Cheeger-Simons correction term 
in the adiabatic limit. 

If we regard the limit of the Levi-Civita connections on {M,g^) as in (|2.ip . 
we find that 

limpi(rM,V™'^) =pi{TX,V^^) +p*pi(TB,V^^) . 

e— 5>0 

The form pi (TB, V"^^) has already been determined in ()4.17p . By the variation 
formula for Cheeger-Simons classes, it is clear that 

lim [ (pi Aj5i)(rM,V™'^) 

= (p, {TX, V^^) + p*p, {TB, V^^)) 

A {pi{TX,V^'') +pi(/rS,VP*^^)) , (4.25) 

where again 

dpi {TX, V'^^) = pi {TX, V^^) 
and dpi {p*TB, V'p'^^) = p*pi {TB, V^^) . 

Note that since H^^{B) / 0, we cannot expect to construct pi{TB,V^^) G 
n^{B). 

We start by computing pi {TX, V"^^ ) . The connection V"^^ is defined as 
the compression of the Levi-Civita connection V"^^"^ on M to TX. Hence, we 
can compute it with respect to the basis of TX using (|4.13p . Its 
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connection one-form is given by 

/ -p p 

P -fe-i- 







\-P 'fe' + P 
The corresponding curvature is then given by 

= -9_e^i + 2ge^^ + p^ 

^_/i3 a:e0i_2^e23_ J23 

Note that since the group G = S0(3) x S0(3) does not act freely 
on r~^{— 1,1}, the basis (/i,/2,/3) does not extend over M±. Hence, the 
form oj'^^ and its curvature Q^-^ are not necessarily smooth at t = ±1. Never- 
theless, the Pontrijagin form pi(TX,'V'^-^) will be smooth. It is given by 

p,(TX,V^^) = -i,tr((0^^)^) 



1 f^gg' -0123 ^ ^ -Dips _ 4^ ^23 p3 ] (4 26) 



87r2 

" 47rH / ^ ' / 
The forms pi(TX,\7^^) and p*pi{TB,\/^^) are clearly G-invariant. We 
will now construct G-invariant forms pi(TX, V"^"'^) and j5i(p* Ti?, V^*"^^). The 
complex of smooth G-invariant forms on M can be described as 

n*{Mf = (c°°([-i, 1]) A'M^) n n*{M) , 

where M7 is spanned by the dual basis e", . . . , p to the basis cq, . . . , p of 
section 14. b[ Smoothness at the singular orbits gives boundary conditions. In 
particular, functions on [—1,1] extend to smooth G-invariant functions if and 
only if they are even at ±1, and among others, the monomials f(P, /e^, (P^, e^^, 
P, p^ are smooth at M_, and /e°, /e^, 6°^, e^^, p, p^ are smooth at M+. 
From ()4.13p and Cartan's formula for the exterior derivative, we deduce that 



on r ^ 



-1,0], 




dh = 


h'e\ 


de^ = 


f ^01 




/ 


de^ = 


2 -13 




/ 



de° = , 

2fe'\ dp = -^je^' + 2ge'-'-2p^ 



dp=^-je' + 2pjf 

d-e' = -j e'' , and dp = - + 2 p^ p , 

for functions h of t. Similar formulas with the indices 1, 2, 3 rotated hold 
over T^^[0, 1). 

From this we conclude that 

^1 ^123\ _ n ^/123 _ f 9' , 0^-23 \ 123 



dl^-^e'^^j=Q and dp'^ = l^-^-j (P^ + 2gE'' ] p^ . (4.27) 
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We also find that over [—1,0], 

d(^e^'- 2ge'' - 2pA = di-dp - Ap'^) = , 



f 



j e-oi - 2g - 2p'^ p^ = e'' - 2g e^' - 2p'^ 



(4.28) 



^ -0123 



Similarly over [0, 1], we have 



9' -02 nf3l\ f2\ _ ^99' -0123 



dl^\^-^-^ -2ge-'' -2p'jpj = ^ e'''^^ . (4.29) 
Thus, if we put 

„ .^^^TX^ J_/f e-oif -25e-23/i-4/i23 on [-1,0], and 

Pll^ ^ ' V ) 4^2 I ^ -02 p _ 2g gSl p _ 4 J123 [0, 1] , 

then the form pi(TX,\7^-^) is smooth on M because near r~^(0), only the 
term —4/^^^ is present. From (j4.26p - (j4.29p . we immediately find that 

dpi {TX, V^^) = pi {TX, V^^) . (4.30) 

For the next step, we assume that q+p- 7^ q-P+, because H^{M;W) = in 
this case by Theorem 13.1 in [19]. Recall that by (|4.9p and (|4.14p . we have 

g.j9{t)9'it) ift G [-1,0], and 



^.■g{t)g'{t) ifte[0,l]. 
1+ 



fit) fit) = 
We now consider the form 

PI {p*TB, V^*^^) = 4 /t'^l 2 f T - 25 e'' - 2pA p 



^ f f'2 ic P+ P- 2 1/; 9~ 1+ , n^4 Af2\ 1 -123 



27r^ V Q-P+ — Q+P- (1-P+ — Q+P- / J 

(4.31) 

over [-1,0] and similarly over [0,1] using K29\i . Using KTO\i . ijiTl]) 

and (I4.15p . we can check that the coefficient of e^^^ vanishes to first order 
near ±1, so the form above is indeed smooth. By (I4.17P and (14.27p -( r4.29p . we 
conclude that 

dpi(p*Ti?,VP*™) = ^ (^/^+4/2/'-4/') e'>'''=p*pi{TB,V^'') . (4.32) 

We can now compute the Cheeger-Simons correction term in the Eells-Kuiper 
invariant. 
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4.4. Proposition. The adiabatic limit of the Cheeger- Simons term is given by 



^lim / (pi Api)(TM,V^ 



7TM,e 

iiiii I 1/11 /\ 'fi-iii I 11/ 1 \ 

^2 ^2 \2 o6/^2 ^2 \ I Q^„2^2 „2 ^2 



{pi - piy ^ 2^{pi - pi) + Kqipi - qipi) 



2^ -Jplpliqipl-qlpl) 2l0-7p2p^ 

Proof. The forms pi (TX, V-^"'^) q] ™d p*pi(TB,'S/^^) do not con- 

tain the exterior variable by (j4.17p and ()4.26p . Hence only the terms 
in pi(^p*TB,'V^ "^^) containing the exterior variable contribute to the in- 
tegral over r"^[-l,0] C M. Using (I4.25p . we find that 



hm / pi(rM,v^*^'^)pi(rM,v™'^) 

(p*pi (TB, V^^) + pi (TX, V^^'° 



r-l[-l,0] 



A ( pi (p*TB, yP^^^) + pi (TX, V™ 



I 



r-l[-l,0] 



4^2 M / 



1 / ^4/7" ^^g^2^,_^g^M _0123 



^ 1^ g0123 ^ V -01 J23 _ 4^ g23 J23 j 

and a similar formula gives the integral over t^^[0, 1]. Recall that the generic 
fibres of p have volume vo^S"^) = In'^, and that the slices T~^{t) C B have 

volume /(t)vol(MPV(^/2Z)^) = /(*) x- ^^^^^^^ ^^^e 

vol(r-i(t))=/(t)^. (4.33) 
Combining this with the above, we obtain 

lim [ pi (TM, V™'^) /ie 

= - /; ((sHb ^ " - " ''''' 



p!lp+(^^y+ — ^+yi) P- P+ ^P- 8p^ 
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4.g. The Leray-Serre Spectral Sequence. The adiabatic hmit of the ry- 
invariant of the odd signature operator consists of terms that correspond to the 
various terms in the Leray spectral sequence. The £^o"term gives the integral of 
the ry-form of the fibre against a characteristic form on the base. The Si-term 
contributes by an r/-invariant of the base orbifold. This invariant vanishes here 
because the base is even-dimensional. The higher terms contribute by the signs 
of the corresponding eigenvalues. There are no similar contributions for r]{D) 
because the fibres have positive scalar curvature and hence the fibrewise oper- 
ator does not admit harmonic spinors. 

To see that the Leray spectral sequence does not degenerate at E2, we note 
that the fibrewise cohomology forms a trivial bundle over B with generators 1 
and /^^^, so we have 



M if G {0,4} and g G {0,3}, and 
otherwise. 



whereas En^ = En^ = for n > 5 if the Euler class of (j4.20p does not vanish. 
4.5. Proposition. In the adiabatic limit, we have 

Iim \ Girrn \ _ — 

25 



1 . X s\gn{qip\ - q\p^_ 
= — - lim > sign \e = 5 — 



Ao=Ai=0 

Proof. From Theorem 0.3 in [TD], we know that it is sufficient to study the 
signature of the quadratic form 

(a,/3) = {a^dip)[M] 

on £'4'^. Since dim £^4'^ = 1, we only have to compute the sign of (a A d4a)[M] 
for one a G £4'^ \ {0}. As a representative of a, we may choose 



a 



K f 

By (fOHj) . we know that 



'2^6°!/^ -2<?e23/i -2/123 on [-1,0], and 
I e02 J2 _ 2g e3i/2 _ 2/123 on [0, 1] . 



^99' ,0123 



da = 



is of horizontal degree 4 as required. Moreover, integration over the generic 

3 3 

fibre of p: M — >• S shows that a represents a nontrivial class in — E^' . 
The proof is completed by the computation of the sign of 



/ ada = - [ !^e-oi23ji23 ^ _ f' 4vr^(t)y (t) dt 
Jm Jm J J~i 

= -2.^(0^|t_, = 2.^(^-^). □ (4.34) 
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4.h. The Eells-Kuiper Invariant. We combine Propositions I4.2fl4.5l and 

prove Theorem I3.7l by computing the Eehs-Kuiper invariants of the spaces M = 

^{p-,g-),{p+,g+)- 



Proof of Theorem 3.1. Using Donnelly's formula for the Eells-Kuiper invari- 
ant and the formulas of Bismut-Cheeger and Dai for the adiabatic limit of 
//-invariants, we find that 

/^(A^(p_,g_),(p+,g+)) 

r]{B) + 1 



25 • 7 



210- 7 plj 25-7 

{pI - pif 2^{p\ -pi) + 3(g2 p2_ _ ^2^2 



22 . 7p2p2_(g2^2^ _ ^2p2 ^) • 1 p'ip\ 



□ 



4.i. Quaternionic Line Bundles. In this subsection, we will prove Theo- 
rem 13.31 We will compute the t-invariant of [9] for sufficiently many vector 
bundles on M to determine Crowley's quadratic form q: H^{M) — t- Q/Z. To 
keep computations simple, we only consider bundle p*E ^ M where is a 
honest vector bundle over the base orbifold S, which becomes trivial after re- 
striction to B- and This will turn out to be sufficient if p_ and p+ are 
relatively prime. 

To construct E, we regard a map B ^ ol degree one, where the coordi- 
nate r introduced in section 14. bl is mapped to the hight function 3 ^4 _^ 
and where Bq = S^/Q is mapped to the equator C S"^ by a map of degree 
one. In particular, for each £ G Z, there is a quaternionic bundle E ^ B, pulled 
back from by the map above, such that 

C2{E)[B]=e. 

We choose a connection on E that is flat near the singular strata of B. 
To compute class C2{p*E), we have to study the map 

p*:Z^ H^{B) H'^{M) ^ Z/kZ . 

We consider the following commutative diagram. 



(id,0) 



Po 



where ry: 5^ x S^_-^ (S^ x S^)/H ^ Mq and f]: ^ S^/Q ^ Bq are quotient 
maps, and S and S are the connecting homomorphisms from the Mayer- Vietoris 
sequences for the decompositions 

M = (M \ M+) U (M \ M_ ) with (M \ M+) U (M \ M_) ~ Mq , 
B = {B\B+)U {B\B^) with {B \ B+) U {B \ B^) Bq . 
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From \19\ section 13] , we know that rj* is injective with 

imr/* = { (a, 6) | a + 6 = mod 8 } C ^ H^{S^ x S^) . 

Similarly, 

f]* = 8- : H^{Bo) H^{S^) ^ Z . 

It follows that r]* maps impQ to ((8, 0)). By [19j, we also know that 6 is surjective 
with 

Similarly, 5 is an isomorphism. 

Let us determine the subset imp* C H'^{M). All our computations will be 
done in the standard coordinates on H^{S^ x S^) = Z x Z. Then p* maps a 
generator of H^{B) to the image of (8,0), and 5{8£,0) = G if^(M) if and 
only if 

{8i,0)=a{-ql,pl)+b{-ql,pl) . 
If c denote the greatest common divisor of p- and p+, then (8^,0) € ker5 if 

2 2 

and only if we can choose a = n ^ and b = —n so 

. P-qi-piqi nk 
^ = " 8^^ = ^^- 

Note that (? divides k. In particular, the image of p* has index in H'^{M) = 
TLjkTL. If p- and p+ are relatively prime, then p* is the isomorphism referred 
to in Theorem 13.31 

By [9], see Definition [321 



t{p*E) = 




- ^ |^^(|(rAf,V™) +C2(/i?,V^*^)) Ac2(/i?,VP'^) . 

Because the fibres are of positive scalar curvature, we can apply Corollary 11.91 
Hence, 




= 7 / iAB(TS, V^«) r/AB(A) (ch(£;, V^) - 2) = . 
4 Jab 

Here, the singular strata do not contribute because ch(ii^, V^) —2 vanishes near 
the singular strata. Over the regular stratum, the degree part of the ?7-form 
is the r/-invariant of the untwisted Dirac operator on the fibre, which vanishes 
because the fibre is a spin symmetric space. Hence both r/(A) and ch(£', V^) —2 
are of degree 4, so the whole integrand vanishes for degree reasons. 
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In order to determine C2[p*E,\/P we first check that 



Jb P-Qi - P+Q- f P-Qi - P+Q- J-i 

i 



11 2 2 

p^q\—p\qz_ \p\ pi 

because vol(r^^(t)) = /(t) Because we have chosen flat near the singular 
we conclude that 

vr^ p_q\ — p\q_ j 

for some form 7 G 0,^{B) that is supported away from the singular set B^UB^. 
By (|4.28p . we may put 

" /' * 17 V7P*-B\| 2^ / g' _oi _23 o-fSsA Jl I * 

and similarly on r~^[0, 1]. 

As in the proof of Proposition 14.41 we compute the Cheeger-Simons term in 
the adiabatic limit e — t- 0. We have computed the Pontrijagin forms of TB 
and TX in (lOT]) and g26]). Over t-'^{-1,0), we have 

(|(rx,v^^) +p*|(rs,v^«) +p*c2{E,v^)).c2{p*E,vp'^) 



4^2 M / 



1 //2/'r 



^ ^ -0123 ^ ^ -01 J23 _ 2^ -23 J23 



+ m , , ^ e-°i23 + 4vr2 

piqi-plqi f 



\^vr2 p2 ^2 _p2^g2 

- 2 2 2 2 • PM-+4/'/'-4/' + ^ 
TT* p±qi - xpXqt \\ f f 

J2 J2 n 



+ m , , ^) + 2^2^*^^ ] J123 

p±q+-piql f J I 



Over r ^(0,1), we obtain the same right hand side. By partial integration 
and (I4.27p . we see that there is no contribution from p*'y and p*d'y. 
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By (|4.33p . we compute 

tip*E) = - lim ^ / (^(TM, V™'^) +p*C2iE,V^)) • C2{p*E,VP'^) 

£-5-0 24 J]^ \ I / 

= i 2 f~^'\ 2 t iff" + 4/'/' - 4/7 + W 

2 2 \ 

_ e p'i -p1 + ip^_p\ £ 

~ 3 plql-plq^ ^ 24 ' 
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